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l. INTRODUCTION AND STATEMENT OF RESULTS
The problem of finding the regions containing all or some or no zero of a polynomial is very important
in the theory of polynomials. In this connection, a lot of papers have been published by various researchers
(e.g.see 1,2,3,4,5,6). Recently, M. H. Gulzar[5] proved the following results:

Theorem A: Let Let P(2) = Z a; 2’ be a polynomial o  degree n such that
j=0
Re(a;)=a;, Im(a;) = f; and for some positive integers A, 2z and for some real numbers
k., k,,7,,7,;0<k, <1,0<k, <10<7, <10<7, <],
ko, <a, 2.2, ,ja,2a,,>2....20, 21,0,

KBy SBps S SBun SP 2P 22 B2 By

: R 1 M,
Then the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed ogc log —, where
c ogc  |a,

M, =[a,|R™ +[ag| + R"[la,| +|B,| — ki (et + @) =K, (B, + B,) + @, + B,]

+ R’l[oc/I —rl(|a0|+a0)+|ao|]+ R“[ﬁﬂ —12(|,80|+ﬂ0)+|ﬂ0|] for R>1
and
M1=|an|Rn+1+|a0|+Rn[|an|+|18n|_k1(|an|+an)_k2(|ﬂn|+ﬂn)+aﬂ, +ﬁy]

+Rle, + 8, — 1y (ao| + ) = 7, (Bo| + B) +|exo| +|Bo|1 for R<1.

Theorem B: Let Let P(2) = z a, 2" be a polynomial o f degree n such that
j=0
Re(a;)=«a;, Im(a;) = B, and for some positive integers A, 1, p, o and for some real numbers
K, K,, ks, Ky57,,7,,75,7,;0<k, £1,0<k, <1,0<k,; <10<k, <1
0<7,<10<7,<10<7,<10<7, <1,
klaz[ﬂ] SinnZ0,,,20,, 2....2a, 21,a,
2
kzaz[ﬂ]_l S0 SQy, 2203 2T
2

ksﬂz[ﬂ] <. < ﬂ2p+2 < ﬂzp D > ﬂz > 1-3,30
2

k. S Z oo S Poga 2o 2 Py 27,

2[2]—1 -
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o R 1 M,
Then, for even n, the number of zeros of P(z) in in |Z| <—(R>0,c>1) doesnotexceed ——log—=
C

logc ~ a|
where

M, =|a,|R™™ +|ay| + R"[ler,| +| 8| — k(| + ) ko (Bo] + B) + e, + B,]

+R[a, —2’1(|a0|+0£0)+|050|]+ R[S, _Tz(|180|+ﬁ0)+|,80|] for R>1
and

M, =[a,[R™ +|ag| + R"[at,| +|B,| — ki (ay| + @) =k, (8| + B.) + @, + B,]
+Rle, +p, —rl(|a0|+a0)—2'2(|ﬁ0|+ﬂ0)+|a0|+|,80|] for R<1.

!

: . R 1 M,
If n is odd, the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed ogc log | |
c ogc  |a,

, where

M, issameas M, exceptthat K;,K,,K;, K, are
respectively replaced by K,,K,,K,,K; and 7,,7,,7,,7, are respectively replaced by 7,,7,,7,,75.
Theorem C: Let Let P(2) = Z a; 2’ be a polynomial o f degree n such that
=0
for some positive integers A, £, and for some real numbers K, K,,7,,7,,
0<k; <10<k, <10<7, <10<7, <],

< Z|ay,,| <Ay, |2 2 a2 1y fay

_ R
Then for even n the number of zeros of P(z) in |Z| <—(R>0,c>1) doesnotexceed ——Ilog—,
C

where for R>1,
M, =|a,|R™? +]a,,|[R™ +|a,| + R"[[a,]| + A—k,)[a,| + @L—k,)|a, |

+cosa(2a,,| + 2Ja,, |- kifa,| - k,|a, |- 7,|a |- 7,|a,))
n-2
+sin a(ky[a,| +k,[a, 4|+ 7,]ay| + 7, [a5| + 23" |a, )]
=2
and for R<1,
M, =|a,|R™? +]a,_,|[R™ +|a,| + Rlla,| + X —k,)|a,| + A —k,)[a,]|

+cosa(2a,,| + 2Ja,, |- kifa,| - k,|a, |- 7, |a| - 7, [a,))
n-2

+sin a(Kyfa, |+ k,[a, |+ 7,|a |+ 7|2, + 23" |a ).
i—2

. . R 1 M,
If n is odd, then the number of zeros of P(z) in |Z| <—(R>0,c>1) doesnotexceed ——log—-,
c logc ~ [a|
where M, issameas M except that K, , K, are respectively replaced by K, , K, and 7,7, are respectively

replaced by 7,, 7;.
In this paper we find regions containing no zero of the polynomials in theorems 1,2 3 and prove the following
results:
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Theorem 1: Let Let P(z) = z aij be a polynomial o f degree n such that
j=0

Re(a;)=a;, Im(a;) = f; and for some positive integers A, 2z and for some real numbers
k., k,,7,,7,;0<k, <1,0<k, <10<7, <10<7, <1,
ke, <o, S...fa,,Sa,2a, ,2....2q 21,0,
KB, <. <...... SBa <P 2B iz > B >1,f3,.
a a
Then that P(z) has no zero in |Z| < L/IO* , for R>1 and no zero in |Z| < ||v|—0,lfor R <1, where
* 1
M :|a'n|RnJr +Rn[|an|+|ﬂn|_k1(|an|+an)_k2(]ﬁn|+ﬂn)+aﬂ+ﬂ,u]

+R e, — 7, (joo| + ) +|to[1+ R LB, — 7, (1 Bo| + Bo) +|Bo]]

and
M™ =[a,[R™ +R"[la,| + || =Ky (e + &) — K, (8] + B) + 2, + B,]
+R[e, +:B,4 _Tl(|ao| +ay) _72(|IBO| + ) +|0-’o| +|:Bo|]-
Combining Theorem 1 and Theorem A, we get the following result:

Corollary 1: Let Let P(z) = Z a;z "'be a polynomial o f degree n such that
j=0
Re(aj) =aj, Im(aj) = ,BJ- and for some positive integers A, ¢ and for some real numbers
k.,K,,7,,7,;0<k;, £10<k, <10<7, <10<7, <1,
Ko, <o, <...2a,,Sa,2a,,2...2q, 21,0,

KBy SBops S SBun SP 2Py 22 B2 By

_ Jay R 1 M
Then the number of zeros of P(z) in IV < |Z| <—(R>0,c>1) does not exceed oac log — for
c

a R 1
R >1 and the number of zeros of P(z) in ||\/|_0*|* < |Z| <—(R>0,c>1) doesnotexceed ——log—
C

for R<1,where M;,M "M are given as in
Theorem 1 and Theorem A.
Theorem 2: Let Let P(z) = Z a, 2! be a polynomial o f degree n such that
=0
Re(a;)=«a;, Im(a;) = B, and for some positive integers A, 1, p, o and for some real numbers
ki, K, ks, Ky570,7,,75,7,,0<k, <10<k, <1,0<k, <10<k, <1
0<7,<10<7,<10<7,;<10<7, <1,
ka , <...Z0,,50,,2...2a,27,Q,
2[]
2

kzaz[EH <l Sy S0y, 2 >, 27,0,
2

kSﬂZ[E] S """ S ﬁ2p+2 Sﬂzp 2 ...... Z ﬂz 2’[3[80
2

KB\ St Py S Pogy 22 By 21,3,

2[2]71 -
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a a
Then, for even n, P(z) has no zero in |Z| < | 0* , for R>1 and no zero in |Z| < Mfor R <1, where

Hok

1 1
M,  =[a,|R™ +[a,,[R™ + R [le, | +|B.] +|atna| +| B

+2(a,, + Ayq t ﬂZp + Bosa) — (k1|an| + k3|ﬁn |)
- (k2|0(n_1| + k4|/8n—1|) — (0, + 7, 8,) — (r,04 + 73 5,)

+(1- Z'2)|0‘1| +(1- 71)|a0| +(1- Ts)|ﬂ1|(1_ T4)|ﬂo| + |a1|]
and

M,  =la,[R™ +[a, R™ +Rlle, | +|B.] +|atya| + |84
+2(a,, + Qy,q + ﬂZp + Boga) = (k1|an| + k3|ﬂn |)
- (k2|an71| + k4|:Bn71|) —(r,ay +7,B,) — (r,05 + 75 8,)
+(1- z'2)|C¥1| +(1- Tl)|ao| +(1- 73)|ﬂ1|(1_ 2'4)|ﬁ0| + |a1|]-
If nis odd, then P(z) has no zero in |Z| < 50* , for R>1 and no zero in |Z| < |a—OL for R <1, where
2 2

M, and M, are sameas M, and M, exceptthat Kk, K, K, are respectively replaced by

k,, K, k,,Ksand 7,,7,,75,7, are respectively replaced by 7,,7,,7,,7,.
Combining Theorem 2 and Theorem B, we get the following result:
Corollary 2: Let Let P(2) = z a; 2! be a polynomial o f degree n such that
=0
Re(a;)=a;, Im(a;) = B, and for some positive integers A, 4, p, o and for some real numbers
K K,, kg, Ky37,,7,,75,7,;0<k, £10<k, <10<k,; <10<k, <1
0<7,<10<7,<10<7,<10<7, <1,
Ka , <..L0,,,50,,2....2a,27,Q,
2

[

kzaz[g]_l S S0y, Sy, 2 20 2T,0
2

kSﬂZ[E] S ------ S ﬂ2p+2 Sﬂzp 2 ...... Z ﬂZ 2’[3[80
2

KyfB o e P S Pogy 2> Be 2T,

2[2]71 -

* —

[y R
Then, for even n, the number of zeros of P(z) in M < |Z| <—(R >0,c >1) does not exceed
c
3

1. M, — ay| R
———log —= for R>1 and the number of zeros of P(z) in —— < |Z| <—(R>0,c>1) does not
logc ~ |a, M, c

1 M
exceed —— log —2% for R <1, where
logc ~ |a]

M,, M;, M: are as given in Theorem 2 and Theorem B.
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a|

. . R
If n is odd, the number of zeros of P(z) in M < |Z| <—(R>0,c>1) does not exceed
c

4

1 M, — a] R

——log —= for R>1 and the number of zeros of P(z) in — < |Z| <—(R>0,c>1) does not
logc ~ |ay| M, c

!

1 M 4 * Kk * £
| Iogﬁ ,where M, ,M, M, aresameas M, , M, , M, exceptthat K;,k,,k; K,
ogc - |a,

exceed
are respectively replaced by K,,k,,Kk,,K;and 7,,7,,7,,7, are respectively replaced by 7,,7,,7,,75.

Theorem 3: Let Let P(z) = Z a; 2’ be a polynomial o f degree n such that
=0

for some positive integers A, £, and for some real numbers K, K,,7,,7,,
O0<k, <10<k, <10<7, <£10<7, <],

k, &[S S |8,,.0] <|ay,|> ... 2|2, > 7 [ay
2
K, aZ[gH <onZlag,al<lag, |2 2 (a2 7y

. ol ol

en for even n P(z) has no zero in |Z| < — ,for R>1 and no zero in |Z| < ——for R <1, where

5 5
M, =[a,[R™ +[a, ,R™ +R"[Ja| + L k,)[a,|+ 1—k,)a, |
+cosa(2a,,| + 2Ja,, |- kifa,| - k,|a, |- 7,|a, |- 7,|a,))
n-2
+sin a(Ky[a, |+ k,[a, 4|+ 7,]ay| + 7, [a5| + 23 "|a, )]
=2

and

M, =la,|R™ +[a,,|R™ +Rlla,|+ X —ky)[a,| + @L—k,)[a,.,]

+cosa(2a,, |+ 2a,,| - kifa,| - k,[a, 4| - 7,[a,|— 7,]a, )
n-2
+sina(k,ja, |+ K, a, 4| + 7, [a + 7,85 + 2 |a )]
i=2
: a, : 3|
and for odd n P(z) has no zero in |Z| < — ,for R>1 and no zero in |Z| < ———for R<1, where
6 6

M, and M aresameas M, and M, exceptthat K, K, are respectively replaced by k,,k,and 7,,7,

are respectively replaced by 7,, 7.
Combining Theorem 3 and Theorem C, we get the following result:

Corollary 3: Let Let P(z) = Z a; z'bea polynomial o f degree n such that
j=0
for some positive integers A, M, and for some real numbers kl, k2 T Ty
0<k,<10<k,<10<r7, <10<7, <],
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k. |a

| S e <lag.a|<las] = ....2]a,| = 7))a,|
2

k,la

2[2]—1

R
—< |Z| <—(R>0,c >1) does not exceed
c

1 M, |ao| R
——log— for R>1 and the number of zeros of P(z) in = < |Z| <—(R>0,c>1) does not
logc |a0| ] c
exceed I_ Iog m for R <1,where M, M M are as given in Theorem 3 and Theorem C.
ogc  |a,

_ (3] R
If nis odd, then the number of zeros of P(z) in ie < |Z| <—(R>0,c>1) does not exceed
c
6

a R
Iog for R>1 and the number of zeros of P(z) in | OL < |Z| <—(R>0,c>1) doesnot
Iog c |a0| M, c
exceed ——log—% M, for R <1,where
logc " |ay|

M,, M6 ,M6 are sameas M, MS*, MSH except that K, K, are respectively replaced by K, , K, and
7,,T, are respectively replacedby 7,, 7;.
For different values of the parameters, we get many interesting results from the above theorems.

1. PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial

F(2)=@Q-2)P(2)
=(1-2)(a,z" +a, ;2" +.... +3,Z2+3,)
=-a,2"" +(a, —a,4)Z" + ... +(a, —a,)z+a,
=-a,2"" +a, - (k, ~Da, 2" + (kKa, —a,,)2" +(a,, —a, ,)2""

A+1

ot (a, a2 (o, —a, )2+t (o, — 1,0, 2

(1, ~Day2 + -k ~ D2+ (Ko~ )2+ (B~ )2
+(Ba =B+ (B, =B )2+t (B, 82+ (7, D) 2}
=a, +G(z) ,where
G(2)=-a,2" - (k, -Dea, 2" + (K, — ¢, )" +(a,, — ¥, )"
tond (@, ) (@, —a, )2+t (o —1y0,) 2
+ (7, Doz +i{~(k, DB, 2" + (K, B, = B..)2" + (B —B.,)2" " +......
+(Ba =B+ (B, =B, )2+t (B, 82+ (7, ~D o2}
For |Z| <R, we have by using the hypothesis
G(2) <|a,|R™ + (k)| R" + (24 — ki, )R" + (@, — et )R™ +.....

46



Location of Zero-free Regions of Polynomials

+(a, —a, )R +(a, —a, )R +....... + (o, —1,00)R+ (L= 17;)|ero|R
+(1_k2)|ﬁn|Rn +(ﬂn—l _kzﬂn)Rn +(ﬂn—2 _ﬂn—l)RrFl T
+(ﬁ# _ﬁwl)R”ﬂ + (ﬂﬂ _ﬂy—l)R” RIEEPERY + (B _fzﬁo)R+(1_Tz)|ﬁo|R

For R>1,

+ B = Bua B, _ﬂy+l]+ Rl[aa QT 0
+a, 1,0, +(U=1)ao[|+R“[B, = Bt + Bus = B +-oevne
+ B 7,5 +(1_Tz)|ﬁo|]
=|a,[R™ + R [l | +| B, — ki (exa| + @) =K, (8o |+ B)) + a, + B,]
+ R [, — 7, (joto| + @) +|o[1+ R LB, — 7, (5| + Bo) +|Bo]
=M"
For R<1,
G(2) <|a,|R™ + R [, | +| B, | — Ky (et | + ) =K, (Bu] + B) + 0 + B.]
+Rla, +ﬂﬂ _71(|050| +a) _Tz(|180| + ) +|ao| +|ﬂo|]
=M
Since G(z) is analytic for |Z| <R band G(0)=0, it follows by Schwarz Lemma
that
|G(Z)| < M*|Z| for R>1 and |G(Z)| < M**|Z| for R<1.
Hence, for R>1,
IF(2) =|a, +G(2)|

e

>|a,| |G (2)
>|a,|-M’z|
>0

if [z < |a°*.
M

And for R <1,

IF(2) =|a, +G(2)|
2 ar|-[6(@)
> |a,| - M 7|
>0

if |z] < 2|

This shows that F(z) has no zero in |Z| < m for R>1 and no zero in |Z| < |a0|
M = M

for R<1.
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a
Since the zeros of P(z) are also the zeros of F(z) , it follows that that P(z) has no zero in |Z| < !\/IO* ,for R>1

a
and no zero in |Z| < lﬂﬂ for R <1, thereby proving Theorem 1.

Proof of Theorem 2: Let n be even. Consider the polynomial
F(z2)=(1-2°)P(z2)=(1-2z%)a,z" +a, ,2"" +.... +a,2+a,)

=-az"?-a,,z2" +(@,-a,,)2"+@,; —a,4)2" " + .. + (3, —3,)2
+(a, —a,)z% +a,z + 4,

=-a,2"* -a, 2" -k, -Dea, 2" + (K, —a, ,)2" —(k, —1)z"*
+ (Ko, —a, )" (e, —a, )2 (o, —o, )2
+ (o, —1,0,)2° + (1,0, — ) 2° + (a0, —1,0,4)2° + (1,0 — @ty ) 2°
+a,z+8 +iH{~(k; ~1)S,2" + (K8, = B, ,)2" = (k, 1) B, ,2""
+ (K Bos = Bos)2" + (Boy = Boa)2" P+ (Lo = Bos)Z" s
+(By _74ﬂ1)23 +(7, 8 _ﬂl)zs +(5, _"'3180)22 +(735, _:Bo)zz-

=a, +G(z), where
G(z)=-a,z2"* -a, 2" —(k, D, 2" + (k,t, —x, ,)2" —(k, —1)z""

+ (Ko, —a, )" (o, — )2 (s — a5 )2 T
+(a, —1,0,)2° + (00 — ) 2% + (o, —1,00,) 2% + (1,00, — 1) 2
a2+ ~DB,2" + (keffy ~ B,2)2" ~ (kg ~D 2"
+(KeBos = Baa)2" + By = Bra)2" "+ (Brs = Brs)2" s
+(Bs =7, )2 + (2, = )27 + (B — 73 50) 2" + (25, — o) 2"

For |Z| <R, we have by using the hypothesis

G(2) <]a,|R™? +|a,4|R™ + (1 — k)|, |R" + (@, =k, )R" + (1=K, )|, o|[R™™
+(a, , — kK, )R+ (e, , —, ,)R"? + (e, s —x, ) )R +.....

22+2 22 2u+l
R +(a,, —a,, , )R ... + (A, — Ay )R

+(ay — y;0)
+(ay,, —052;473)R2”’l +oed (@ — 7,00)R® + (1-7,)|e R
+(a, —1,00)R? + (1— 7)) |R? +|ay R+ (L —ky)| B, |R"
+ (B —KeBIR" + oo + (Bo, = Bopia R +(Bo, = Bops )R
oot (Bogs = Bogit)RY T+ (Brgs = Bog s)R* T + (B — 7, )R

+(1- 74)|:31|R3 +(B, - T3ﬂ0)R2 +(1- z'3)|ﬂ0|Rz
For R>1,
IG(2) <]a,|R™? +|a,4|R™ + R"[A—Ky)|ex, | + a1, — kit + (1=K, |t 4]
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F Uy gy o +a, 1,0 +(1—z'2)|a1|
+(a, —10) + (L 71)|a0| + |ao| +(1- k3)|/8n|
+ B — KB+ + ﬂZp - ﬁ2p+2 + ﬂZp - ﬂ2p72
RIETIRRY + Poos = Bovis T Poos = Paos + s — T4
+(1- T4)|,31| + (B, —738,) + (1 - T3)|,6’0| + |a1|]
=|a,|R™? +|a,4|R"™ + R"[la,| +|B.| +|etna| +| B
+2(a,, + Ayyq + :sz + Poga) = (k1|an| + k3|ﬁn |)
- (k2|an—1| + k4|ﬁn—l|) —(r,04 + 7, B) — (r,00 +753))
+(1- 2'2)|a1| +(1- Tl)|ao| +(1- Ts)|ﬂ1|(1_ T4)|ﬂo| + |a1|]
=M, .
For R<1,
G(2) <[a,|R™? +|a,4|R™ + Rllet, |+ | B,| +|eta| + | Bo|
+2(a,, + Qy,q + ﬁZp + Poga) = (k1|an| + k3|ﬂn |)
- (k2|an71| + k4|ﬂn—1|) —(r,ay + 1, 8,) — (r,00 + 7, 8)
+(1- TZ)|al| +(1- z'1)|ao| +(1- 2-3)|ﬂ1|(]-_ 2'4)|ﬂ0| + |a1|]
=M, .
Since G(z) is analytic for |Z| <R and G(0)=0, it follows by Schwarz Lemma
that |G(Z)| < M1*|Z| for R>1 and |G(Z)| < Ml**|z| for R<1.

Hence, for R>1,
IF(2) =|a, +G(2)|

> [a,|-[6(2)
> [a| =Mz
>0
if |7 < |a°* .
1
And for R <1,
IF(2)| =|a, +G(2)|
>|a,| - |G(2)|
> [ao| - M2
>0
if 2] < ﬂ.
Ivll
Thi : 2| : 2|
is shows that F(z) has no zero in |Z| < — , for R>1 and no zero in |Z| < s
1 1
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for R<1.

a
Since the zeros of P(z) are also the zeros of F(z) , it follows that that P(z) has no zero in |Z| < | O* ,for R>1

a,|

and no zero in |Z| < ——for R <1, thereby proving Theorem 1 for even n.
1
The proof for odd n is similar and is omitted.
Proof of Theorem 3: Suppose that n is even and the coefficient conditions hold i.e.

Ky[an| < e <Jag,,] <[ag, |2 e =8, 2 78y |
I(2|a-n71| S S‘azwl
Consider the polynomial
F(z2)=(1-2z°)P(z2)=(1-2z%)a,z" +a, ,2"" +.... +a,2+a,)
=-az"?-a, 2" +(a, -a,,)2"+@,, —a,,)2"" +.... +(a, —a,)Z°
+(a, —a,)z* +a,z + 4,
=-a,z2"* -a, 2" - (k, -Da,z" +(ka, —a,,)z" —(k, —-Da, z""
+(k,a,, —a, )2 +(@,,—a,,)2" " +(a, 5 —8,5)2" " +......
2242 22 2u+l
+(8y,, —85,)277 +(ay, —8y,,)27 +.. + (az,,+1 - aZy—l)Z “r

+ (8, —8,,5) 2" A (B, —7,8)7° + (1,8, —8,)7°

1

<la,, |2 2 25| 2 7,2y |

+(a, —1,8,)2° +(r,8, —a,)2°> +a,z +a,

=a, + G(z), where
G(z)=-a,2"* -a,,z2"" - (k, -Da,z" +(k,a, —-a, ,)z" - (k, -Da,z"*
+ (kzan—l - a‘n—:«)‘)zml + (anfz - an—4)zr]72 + (an73 - an—s)z " +

+ (a21+2 o a21)221+2 + (a~2}L - az)ﬁg)ZM T + (a

2u+l azyfl)zzwl
+ (8, —8y,.5)2 .4 (8, —7,8,)7° + (1,8, —a))Z°
+(a, —7,8,)2° +(r,8, —a,)2% +a,z
For |Z| <R, we have by using the hypothesis and Lemma 3
G(2) <|a,|R™? +|a,4|[R™ + - k)|a,|R" +[a,_, —k,a,|R" + @—k,)|a,,|R"™"
+lays — ka4 |R™ +|a, 4 —a,,R"? +|a, s —a, 3R +.....

2442 24 2441
+|a,, —a,,,,|R*? +|a,, —a,, ,|R*...... +[ay, s —2,,.R

+[ay,4 — 8y, o|R* ™+t ag — 7,3, R® + (1-17,)[ay|R®
+|a, —7,8,|R? + (1—7,)||R? +[a,|R
<|a,|R™? +]a, o |[R"™ + R"[A—k,)[a,|+ @—k,)|a, 4|
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+(|a,_,| - k|, cosa + (a, | + kyj|a, ) sine + (&, 4| - |a,_,|) cosa
+(a, 4| +|as ) sina +.....+ (8, — 2z, ) cosa + (|a,,] +|a,,..) sina

+ (8, | ~|a; 5| cosa + (@, | +|ay, L) sina + ...+ (@, 4| — |2y,

)cosax

+ (8,4 (2, sina + (2, 4| ~|as, 5] cosa + ([, 4| +[a,, 5) sin
+.ot (|35 = 75l ) cosa + (jag] + 7, [ ) sine + (- 7,)|a, | + L —7y)|ay|
+(|a,| — 7,|a,|) cosa + (|a,| + 7,]a,|) sin & +|ay]

=|a,[R™? +|a,4|[R™ + R"[Ja,| + A —k,)|a,| + A -k, )|,

+cosa(2a,, |+ 2Ja,, |- kifa,| - k,|a, |- 7,|a, |- 7,|a,))
n-2

+sin a(Ky[a,| +k,[a, 4|+ 7,]ay| + 7, [a5| + 2" |a, )]
=2

=M, for R>1.
For R<1,
G(2) <[a,|R™ +[a, 4|[R™ + Rlla,|+ L —ky)[a,| + L —k,)[a,.,]

+cosa(2a,, |+ 2a,,| - kifa,| - k,[a, 4|~ 7,[a,— 7,[a, )
n-2
+sina(k,[a, |+ k,|a, |+ 7,[a |+ 7]+ ZZ‘aj ‘)]
=2

=M, .
Since G(z) is analytic for |Z| <R and G(0)=0, it follows by Schwarz Lemma
that |G(Z)| < M5*|Z| for R>1 and |G(Z)| < M5H|Z| for R<1.

Hence, for R>1,
IF(2) =|a, +G(2)|

>[a,|-[6(2)
> [a,|~ M5 [z
>0
if |7 < |a°* .
5
And for R <1,
IF(2)| =|a, +G(2)|
>|a,| |G (2)
> [a,|~M; " [7]
>0
if |7 < _|a0L .
M 5
Thi : 2 : 3|
is shows that F(z) has no zero in |Z| < M , for R>1 and no zero in |Z| < —
5 5
for R<1.
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a,
Since the zeros of P(z) are also the zeros of F(z) , it follows that that P(z) has no zero in |Z| < | 0* ,for R>1

5
a
and no zero in |Z| < |—OLfor R <1, thereby proving Theorem 3 for even n.
5
For odd n the proof is similar and is omitted.
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