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l. INTRODUCTION
The controllabilityofsecond-order systemwith localand nonlocal conditions are also veryinteresting and

researchers areengaged init. Manytimes,itisadvantageoustotreatthesecond-order
abstractdifferentialequations directly ratherthan toconvert themtofirst-ordersystem. Balachandranand
Marshal Anthoni[5, 6]discussed the controllabilityof second-orderordinary anddelay,differentialandintegro-
differentialsystemswiththeproper illustrations,withoutconverting them tofirst-
orderbyusingthecosineoperators andLeraySchauderalternative. Thedevelopmentofthetheoryoffunctional
differentialequationswithinfinite delayheavilydependsonachoiceofaphase space. Infact,various phasespaces
havebeenconsideredandeachdifferentphasespacehasrequired aseparatedevelopmentofthetheory
[17].Whenthedelayisinfinite,theselectionofthestate (i.e. phasespace)animportantroleinthe study ofboth
qualitativeand quantitativetheory. Ausual choiceisanormed  spacesatisfying suitable axioms,
whichwasintroducedbyHaleand Kato [18]seealsoKappeland Schappacher[23].For adetailed discussion onthis
topic, wereferthereader tothebookbyHinoetal. [19].Systemswith infinitedelaydeservestudy becausethey

describeakindofsystems presentinthe realworld.Forexample, inapredator-preysystem the
predationdecreasestheaveragegrowth rate ofthe preyspecies,tomature for
particulardurationoftime(whichforsimplicityinmathematicalanalysishasbeenassumedto beinfinite)
beforetheyare capable of decreasing the average growth rate ofthe preyspecies.
Theimpulsiveconditionisthecombinationoftraditional initialvalueproblemandshort-
termperturbationswhosedurationcanbenegligibleincomparison withthedurationofthe process.
Theyhaveadvantages overtraditionalinitial valueproblems because they

canbeusedtomodelphenomenathatcannot  bemodelledbytraditionalinitialvalueproblems.  Forthe  general
aspects of impulsive differential equations, wereferthe reader tothe classicalmonographs [8,25,33]. Nowadays,

there hasbeenincreasing interest inthe analysis
andsynthesisofimpulsivesystems,orimpulsivecontrolsystems,duetotheirsignificanceinboththeory and
applications;see[10,11,14,15,22]and the referencetherein. Itiswellknownthatthe
issueofcontrollabilityplaysanimportantroleincontrol theory and

21



Damped Second Order Impulsive Neutral Functional Integrodifferential Systems

engineering[29,34,38]becausetheyhavecloseconnectionstopoleassignment,
structuraldecomposition,quadraticoptimalcontrol,observerdesignetc.

Thetheoryofimpulsivedifferentialequationsasmuch asneutral differential equations
hasbecomeanimportantarea ofinvestigationinrecentyear stimulatedby their numerous applications to
problems arisingin

mechanics,electricalengineering,medicine,etc.Partialneutralintegrodifferentialequationswithinfinitedelayhav
ebeenusedformodellingtheevolution ofphysicalsystems inwhichtheresponseof the systems depends not
onlyonthe  currentstate, but alsoonthe pasthistoryofthe systems, forinstance,inthe theory
developmentinGurtinand  Pipkin[16]and Nunziato[31]forthedescriptionofheat conduction inmaterials
withfadingmemory.

Hernendezetal. [20]studied the existence results forabstractimpulsive second-order neutralfunctional
differentia equations with infinite delay. Indynamical systems
dampingisanotherimportantissue;itmaybemathematicallymodelledasaforcesynchronous with the wvelocity
oftheobjectbut opposite indirection to it. Motivation fordamped second-order differentialequations

canbefoundin[21,26,37]. Inthe pastdecades, the problem
ofcontrollabilityforvariouskindsofdifferentialandimpulsivedifferentia  system havebeenextensivelystudied
bymanyauthors[2,3,4,9,13,27,28]usingdifferentapproaches. Parketal.[5]investigatedthecontrollabilityof

impulsiveneutralintegrodifferentialsystemswithinfinitedelayinBanach
spacebyutilizingtheSchauderfixedpointtheorem.
Mostofthe abovementioned works, the authorsimposedsomestrictcompactness as- sumptionsonthe

cosinefunction ~ which  implies  thatthe underlying space isoffinite di- mensions.There
isarealneedtodiscussfunctional differential systemswithanoncompactcondition
onthecosinefamilyofoperators. Tothebestofourknowledge,there isnoworkreported onthe
controllabilityofdamped second-order impulsiveneutral functional

integrodifferentialsystemswithinfinitedelayinaphasespace,andtheaimofthispaperistoclosethegap.
Theresultsobtained inthispaperaregeneralizationsoftheresults givenbyArthiandBalachandran[1].

1. PRELIMINARIES
Consider thedamped second-order neutral impulsive neutral functional

integrodifferentialequationswithinfinitedelaytheform
t t

% x(t)—glt xt,f a(t,s,x,)ds || = Ax(t) + Dx'(t) + Bu(t) + f | t, xt,J b(t,s,x;)ds |,t €] =[0,T],
0 0
t#t, i=12,..,n, 2.1
xo =@ €B, x(0)=¢€X, (2.2)
Ax(t;) = Ii(xti), i=12,..,n, (2.3)
Ax'(t) = Ji(xy,), i =12, ...,m, (2.4)

where A is the infinitesimal generator of a strongly continuous cosine family of bounded linear
operators(C(t))tEnR defined on a Banach space X. The control function wu(.) is given in L?(J, U), a Banachspace

of admissible control functions with U as a Banach space B: U — X as bounded linear operator; D is a bounded
linear operator on a Banach space X with D(D) c D(A). For t € ], x, represents the function x,:] — o0, 0] » X
defined by x,(0) =x(t+0),—o <0 <0 which belongs to some abstract phase space B defined
axiomatically, g:] X BXx X - X,f:]XBXX - X,a:] x]xB — Xare appropriate functions and will be
specified later. The impulsive moments {¢;} are given such that 0 =t;, <t; < <t, <tp41 =T,[:B -
X,J;: B - X, A&é(t) represents the jump of a function & at ¢, which is defined by A&(t) = &(t1) — &(¢7), where
&(t*) and &(t™) respectively the right and left limits of & at ¢ .

In what follows, we recall some definitions, notations, lemmas and results that we need in the sequel.

Throughout this paper, A4 is the infinitesimal generator of a strongly continuous cosine family(C(t))tE]R of

bounded linear operators on a Banach space (X, ||.]]). We refer the reader to [12] for the necessary concepts
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about cosine functions. Next we only mention a few results and notations about this matter needed to establish
out results.

Definition 2.1A one-parameter family (C(t))teR of bounded linear operator mapping the Banach space X into
itself is called a strongly continuous cosine family iff

(D C(s+t)+C(s—t)=2C(s)C(t)forall s, t € R;
@nco) =1
(iit)C (t)xis continuous in t on R for each fixed x € X.

Wedenote by (S(t)),_, the sine function associated with (C(t)),., which is defined by

St)x = fot C(s)xds,x € X,t € Rand we always assume that M and N are positive constants such that
[IC@®)|l <M and ||S(t)|| < N for every t € J. The infinitesimal generator of strongly continuous cosine family
(C(t))teR is the operatorA: X — Xdefined by

2
Ax =250 (O)x],—o,x € D(A),
where, D(A) = {x € X: C(t)xistwicecontinuouslydif ferentialeint}.

Define E = {x € X: C(t)xistwicecontinuouslydif ferentialeint}.
The following properties are well known [35]:

M If x € XthenS(t)x € E forevery t € R.
(i) If x € E then S(t)x € D(A),(d/dt)C(t)x = AS(t)x and (d?/dt?®)S(t)x = AS(t)x for every
t eR

(iii) If x € D(A)then C(t)x € D(A), and (d?/dt?)C(t)x = AC(t)x = C(t)Ax forevery t € R.
(iv) If x € D(A)then S(t)x € D(A), and (d?/dt?)S(t)x = AS(t)x = S(t)Ax for every t € R.

In this paper,[D(A)] is the domain of A endowed with the graph norm ||x||4 = llx|| + ||Ax]|, x € D(A).
The notation E represents the space formed by the vectors x € X for which C(.)x is of class C'on R. We know
from Kisynski [24] that E endowed with the norm |[x||; = ||x|| + supo<<1 ||AS(t)x||,x € E,is a Banach space.
The operator-valued function

_[c@® S@)

g@_bm)qo
is strongly continuous group of bounded linear operators on the space E X X generated by the operatorA =
[g (1)] defined on D(A) X E. From this, it follows that AS(t): E — X is bounded linear operator and that

(t)x » 0,t » 0, for each x € E. Furthermore, if x: [0,0[— X is a locally integrable function, then the function
y(t) = fot S(t — s)x(s) ds defines an E-valued continuous function. This assertion is a consequence of the fact

that

¢ T

t t
Jg(t -5) [x?s)] ds = lj S(t— s)x(s)ds,j C(t —s)x(s)ds
0 0 0
defines an E x X-valued continuous function.

The existence of solutions of the second-order abstract Cauchy problem
x'(t) =Ax(t)+ g(t),0<t<T,
x(0) = y,x'(0) = z, (2.5)

whereg € L1([0,T], X) is studied in [35]. On the other hand, the semilinear case has been treated in [36]. We
only mention here that the function x (. )is given by
t

x(t) =C)y+St)z+ f S(t—5)g(s)ds,0<t<T, (2.6)
0
is called a mild solution of (2.5) and that when y € E the function x(.) is of class C! and
t
x'(t) = AS(t)y + C(t)z + f C(t—5)g(s)ds,0<t<T, (2.7)

0
To consider the impulsive conditions (2.3) and (2.4), it is convenient to introduce some additional
concepts and notations.
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A function x: [y, t] —» X is said to be a normalized piecewise continuous function on [y, t] iff x is
piecewise continuous and left continuous on Ju,7]. We denote by PC([u,t],X) the space of normalized
piecewise continuous function from [y, t]into . In particular, we introduce the space PC formed by all
normalized piecewise continuous functions x: [0, T] — X such that x(.) is continuous at t # t;, x(t;”) = x(t;)
and x(t;) exists, fori = 1,2,...,n. It is clear that PC endowed with the norm of uniform convergence is a
Banach space.

In what follows, we put t, = 0,t,,, = T and for x € PC, we denote by X;, for i=
0,1,2,...,n, the function X; € C([¢;, t;41]; X) given by X (y) = x(¢t) for t €]¢;, t;44] and X% (¢;) = lim,_,, + x(0).
Moreover, for a set B € PC, we denote B; fori = 0,1,2, ..., n, the set B; = {X;: x € B}.

We will here in define the phase space B axiomatically; using ideas and notations developed in [19] and suitably
modify to treat retarded impulsive differential equations. More precisely, B will denote the vector space of
functions defined from ] — o, 0] into X endowed with the seminorm denoted by ||.|lz and such that the
following axioms hold:

(A) If x:]—oo,u+b]—>X,b>0,issuchthatx, € Band x|+ € PC([1, u + b], X), then for every

t € [u, p + b, the following condition hold:

(D)x.isin B
@) llx@Il < Hllx¢ll 3,
(@)l llp < K(t — ) sup{llx(s)ll: ¢ < 5 < 3 + M (¢ = )|l

where H > 0 is a constant; K,M : [0,00[— [1,[, K is continuous, M is locally bounded and H, K, M are
independent of x(.).
(B) The space B is complete.

Remark 2.1: In impulsive functional differential systems, the map [u, u + b] = B, t — x,, is in general
discontinuous. For this reason, this property has been omitted from our description of the phase space B.

In [19] some examples of phase space B are given. We introduce the following notations and
terminology. Let (Z, . 1l7), (Y, |l lly) be the Banach spaces, the notation £(Z,Y) stands for the Banach space of
bounded linear operators form Z into Y endowed with the operator from and we abbreviate this notation to
L(Z)when Z =Y. Moreover B.(x:Z) denotes the closed ball with centre at x and radius r > 0in Z.
Additionally, for a bounded function é&:1 - Zand 0 <t <T, we employ the notation |||, for ||¢]l, =
sup{ll$()]l: s € [0, ¢]}-

The proof is based on the following fixed point theorem.

Theorem 2.1.([32], Sadovskii’s Fixed Point Theorem]). Let F be a condensing operator on a Banach space X.
If F(S) c S for a convex, closed and bounded set SofX, then F has a fixed point in S.

I1l.  CONTROLLABILITYRESULTS
Beforeprovingthemainresult, wepresentthedefinition ofthemildsolution tothesystem(2.1)-(2.4).

Definition 3.2 A function x: (—oo, T) — X is called a mild solution of the abstract Cauchy problem (2.1)-(2.4) if
Xy = ¢ € B,x|; € PC, the impulsive conditions Ax(t;) = I;(x,), Ax'(t;) = J;(x;,), i = 1,2,...,n, are satisfied
and

t N
x() = C(O)p0) +S®)[E — g(0,90,0)] + J C(t—s)g s,xs,J a(s, 7, x,)dt | ds

0 0
j-1 ¢

+ Z[S(t — t;11)Dx(,,,) — St — t)Dx(G)] — S(t - tj)Dx(;;) + f C(t —s)Dx(s) ds
i=0

t N

+ fS(t —s)|Bu(s) + f s,xS,J- b(s,t,x.)dt ||ds + Z C(t— tl-)Il-(xti)
0 0 0<t;<t
+ Z S(t_ti)]l’(xti) .
o<t;<t
Forallt € [t;, 4] andevery j = 1,2,...,n (3.1)

Remark 3.2The above equation can also be written as
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t s t
x(t) = C(t)p(0) + S(t)[¢ — g(0,p,0)] + f C(t—s)g| s xs,fa(s,r,xr)dr ds + fS(t —s)Dx'(s)ds
t 0 ] 0 0
+ | S(t—s)|Bu(s) + f| s, x5, | b(s,7,x.)dt ||ds + C(t—t)]; (x i)
| / 2, cumoits

+ Z S —t)]i(x,). t €].

0<t;<t
Now an integration by parts permit us to infer that x(+) is a mild solution of (2.1)-(2.4).

Remark 3.3In what follows , it is convenient to introduce the function ¢: (—oo, T) — X defined by
C®$0), ifte].

We introduce the following assumptions:

(H1) There exists a constant N; > 0 such that
/5 1att,5,2) = att, s, 9)1ds|| < Nyllx = ylls, fort,s € J,x,y € BandL, = T sup, sesg llat, s, 0l
(H2) There exists a constant L, such that

lg (t, v, w1) — g(&, va, w)ll < Lylllvy — vylls + llwy — wyll]
where 0 <L, <1, (t,v;,w;) €/ XBxX,i=12and
llg(t,w, v)Il < Ly(llullz + llvIl) + LyandL; = max.; |lg(t, 0,0)]l.

(H3) The function f:] x B x X — X satisfies the following conditions:

(i Let x:(—o0,T) — X be such that x, = pand x|, € PC. For each tel,ft,.):JxB-X
is continuous and the function t — f (t, X + fot b(t,s, xs)ds) is strongly measurable.
(ii) The function f: ] x B x X - X is completely continuous.

(iii) There exist an integrable function m:J — (0,0) and a continuous non-decreasing function
Q: [0, ) - (0, o), such that,
§+Lod ()

If (& v, wll < m©OQIvllz + lwlD, limi?ii’nf;m( :

(iv) For every positive constant r, there exists an a,. € L' (J) such that
sup |If (&, v, W)l <a, (D).

llwll<r
(H4)B is continuous operator from U to X and the linear operator W: L*(J,U) — X, is
defined by

) =A< cowheret € ], (v,w) € B X X.

T
Wu = JS(T —s) Bu(s)ds

0
has a bounded invertible operator W ™1, which takes values in L?(J,U)/ker W such that [|B|l < M;and
|lW~1|| < M,, for some positive constants M, M,.

(H5) The impulsive functions satisfy the following conditions:
Q) The maps [;,];: B = X,i = 1,2, ...,n are completely continuous and there exist continuous non-
decreasing functions A;, y;: [0, 00) = (0,00),i = 1,2, ..., n, such that
NI < L:AIlle) . W) < wlpliz) . ¥ €B.
(i) There are positive constants K;, K, such that
15;P1) — L@ < Killps — ¥ell
"]l(ll}l) —]L(ll)z)” < Klell}l - 1/)2” ’ lplilpZ € B, i= 1'2! e L

Definition 3.3 The system (1.1)-(1.4) is said to be controllable on the interval [0, T] iff for every x, = ¢ €
B, x(0) =& € Xand z, € X, there exists a control u € L?(J, U) such that the mild solution x(.) of (2.1)-(2.4)
satisfies x(T) = z;.

Theorem 3.11f the notation (H1)-(H6) are satisfied, then the system (2.1)-(2.4) is controllable on Jprovided
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(1+ TNM,; M,)

T n
A | m(s)ds + ) (MK; + NK,)
[ s S

Proof.The notation H(T) stands for the space
H(T) ={y: (=, T] > X:y|, €PC, y, =0}
endowed with the sup norm. Using the assumption (H4), for an arbitrary function x(.), we define the control

1
Ky (TM(Lg +Np) +K—(3N + TM)||D|| +N
d

<1

T s
u(t) =Wz, — C(Tp(0) — S(T)[§ — g(0,¢,0)] — f C(T —s)g (s, xs,f a(s, T,xf)d‘r> ds
0

0
j-1 T

_ Z[S(T — t;)Dx(,,) — ST = t)Dx()] + S(T — )Dx () — f C(T — 5)Dx(s) ds
0

i=0

T s n n
— | S(T —s)f| s, x5, | b(s,T,x.)dt |ds — Cc(T — ti)Ii(xti) — ) S(T —-t)]; (xti)] ®.
O 2

0 0
We shall now show that when using this control the operator i on the space H(T) defined by
(¥y)o = Oand

Yy(t) = S@[E - g(0,9,0)] + f C(t—1s)g (s, Vs + Ps, f a(s, 7,y + di)dT) ds
0 0
j-1

+ Z[S(t - ti+1)D(y(t_i+1) + ‘l_’(t_m)) -S(t - ti)D(Y(tt) + 5(2))]
i=0
=5(e=5)D (v + 8G)) + [ € =D (y(5) + $) ds
0

+ fS(t —5)f <S,ys + (l_)S,f b(s,T,y, + d;r)dr> ds
0 0

r
+f St —n)BW-t [zl —C(T)p(0) — 5(T)[E - g0, 9.0)]
o

B

ClT —slg (5, Ve + q?SJ- als,t.v + tﬁ,]dr) ds

"__—',-q

o

—

-1

= D[S0 - .00y, ) + Gl ) — ST — 0Dy () + ()]

s

T

+5(r-6)p (y&) + 6)) - J- e —ID(y() + () ) ds

o

T 2 n
— J-.S'{T —5]f(5,y3 + qE_gJ. bls.t.v + tﬁ,]ch) ds —z c(T — tl-]Il-l'Lyn. + qgri}
i=1

] o

- Z ST — (v, + qirl.}] (n) dn + Z clt — t)4; (3, + ®¢,)
i=1

Dtiet

- z S — t (v, + @) teltnt]j=01..n,

B tit
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has a fixed point x(.). This fixed point is then a mild solution of the system (2.1)-(2.4). Clearly yx(T) = z,
which means that the control u steers the systems from the initial state ¢ to z; in time T, provided we can obtain
a fixed point of the operator 1 which implies that the system is controllable. From the assumptions, it is easy to
see that v is well defined and continuous.

Next we claim that there exists r > 0 such that i (B,(O,H(T))) < B,(0,H(T)). If we assume that

this assertion is false, then for each » > 0, we can choose x™ € B,(0,H(T)), j = {0,1,..,n} and t” € [t;, t;14]

such that [|[ypy" (t")|| > 7.
Using the notation ||y, + @;llg < Krlly:ll + ||@:|l5, we observe that
r< gy el = Nlllftﬂ + llgto.e. 0300

5 5
+Mf ) S,;.,g+@";s,fg{s,r,y; +@.ldr |—g SJ@”’:«I als, 7. Jdr ‘
a a a
E =l 5
+MJ- g(s, ﬁ,,frz{s,r,ﬁ?]d:r)
T

ds

ds + (3N + TM) [Pl + gl 0

a a
+ M, M, f [Ilzill + Mp(0) + N[IE] + llgo.e. 02l
T ° 5 5
+Mf gl sy +@”’5«fm{sm}z" + @ dt |—g S;@”?yfrzisrw”’?]ri'r
a a a
T k4
+f g(s, qﬁ,,f m{s,*r,@',]d*r)
a a

T 5
+ me{s]ﬂ(ll}f; + @l + ||f bz, T.v." + @ )dr
a a

ds

ds + (3N + T2l & + €110

)ds

+ M i[ll!.{yﬁ' + @) — L@ + 18]
+ Ni[llf:(ytr + @) — 1@ + ILr':(ﬁtJII]] dn

)ds

T 5
+ me{s].ﬂ(lly_,' + @l + ||JF bis, T, v." + §_dT
a a

+M i[llf.{}'ﬂ' + @) =L@ )+ (@ )]
+N i[llﬁ(};( + e} — T @ M+ (@]

v gy (el < 'nr[II{II + g (0.¢. 0211

+ ‘e'f ||.§ (s YT+ Fa J-u(s T Ve +w‘}d'r) - (s,ﬁ,,ju(s,w,éf}dr)
+ uf (.5- ‘;a,,f al=T, .;a__}a‘.r)
+ o, u,_[ =l + Mg (0 + NTNEN + Ng(0,, 0)N]

+ f (s 7+ B f —— +@Jd—:) . (s,.;a, f als, r,qar}d—:) ds
+J- g(s s J-ﬂ(s Ta w,}u’.'r)

il
+NJ- m(s}.ﬂ(”y," +a@ -+ ||J- bilsT.0 " +‘;E,}d1-|
-] L-

ds

des + (aw + T Dl e+ N

de + (3N + 7T N2 NG + a0

ds

w3t 3 TG +0.) —2(@ )l + 5@l
xS G +8,) (2l + ml:a.;ln]]an

+‘“fm(5}9(|ly,r +@.ll. +
w1 D Mo + @) 12l + la(@.)1]
8 Dl G +0.) —2 ()l + 121

J‘ bl 37" + nﬁ‘.}d'rl
a

)d_g

and hence
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1< (14 TNMM,)

’

T n
1
Ky (TMLg(l +N) + =GN +TMDI - +N A f m(s)ds + Z(Mlq + NK2)>
T "
0 i=1

which contradicts our assumption.
Let r > 0 be such that i (Br (O,H(T))) < B,(0,H(T)). In order to prove that ¢ is condensing map on

B.(0,H(T))into B.(0,H(T)).

Consider the decompositiony = 1, + 1, where
t

0

Pix(©) = SO — 9(0,0,0)] + f C(t—s)g (s.ys + f als, 7y, + @)dr) ds
0
-1

) [5C = 6D, ) + BGy) = SE = DR + FE))]
i=0
=5(e=5)D (v2) + 5@ + [ €= 9D () + ) ds
0

+ Z Ct — )L (ye, + ¢¢,) + Z S —t)i(ve, + br,),

0<t;<t 0<t;<t

Pox(t) = f St —s) ds.
0

f (s, Yo + B, f b(s,7,7, + cﬁf)dr) + Bu(s)
0

Now

1Bu(s)Il < MMy [Nz ]l + M (0) + N[IIEI + Ly llpllz + Ly ]

T
T f (Lg (nys + @+

0

N

ja(s, T,y + @ )dt

>+ Ll>ds e (| + [5¢)])
0

j-1 T

+ 121 [y Gl + 18 Gl + Iy@ll + 1861 + Mol f(lly(sﬂl +[l¢)) ds
i=0 0

T

4N [ @ Gs)ds + M Al Wl Dl + ||q3q||1]

0

< MMy (llzy ]l + M@ (0) + N[IIE1l + Ly ll@ll + Ly | + TMKyLy (1 + Ny)r

T

+ Mf[Lg((KTr + 1PN + Ny + Ly) + Ly]ds + BN + TM)|IDII(r + I@ll7)
0

T

n
N [ s + Y O+ N[y + ||¢3ti||]‘ = 4.
0 i=1

From [[30], Lemma 3.1], we infer that v, is completely continuous. This fact and he estimate

n
1
lp1v — owll < Ky [TMLg(l + M)+ —~GN+TMIDIl + g (MK; + NK) [ llv — w7,
T =

i=1
Together imply that  is condensing operator on B, (0, H(T)).
Finally from sadovskii’s fixed point theorem we obtain a fixed point yand 1. Clearly, x = y + ¢ is a mild
solution of the problem (2.1)-(2.4). This completes the proof.
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Corollary 3.1 If all conditions of Theorem 3.1 hold except (H5) replaced by the following one,
(C1): there exist positive constants a;, b;, ¢;, d; and constants 6;,8; € (0,1),i = 1,2, ...,n such that for each
peEX
G < a; + by (lIpl)°, i = 1,2,..,n
And
Wi (Il < ¢ + di(IpID°,i = 1,2,...,n
Then the system (2.1)-(2.4) is controllable on J provided that

T
1
(1+TNM; Mp) |Kp | TMLy (L + Ny) + 2= BN + TM)[IDI| + N A f m(s)ds || < 1.
T
0

1IV. EXAMPLE
In this section, we consider an application of our abstract result. We choose the space X = L?([0,7]),B =
PCyxL?(h,X) is the space introduced in [19]. Let A be an operator defined by Aw = w" with domain
D(4) = {weH?10,n[: w(0) = w(m) = 0}.
It is well known that A is the infinite generator of a strongly continuous cosine function (C(t));egonX.
Moreover, A has a discrete spectrum with eigen values of the form —n?,n € N, and the corresponding

1
normalized eigenfunctions given by e, (¢) = (;)2 sin(n&). Also the following properties hold:

@ The set of functions {e,:n € N} forms an orthonormal basis of X.

(b) If w € D(A), then Aw = Y2, —n’ < w ,e, >e,.

(c) For w € X,C(t)w = Y7_, cos(nt) < w,e, > e,. The associated sine family is given by
SHw=Yr_, Smr(lnt) <w,e, >e,weEX.

(d) Ify is the group of translations on X defined by y(t)x(¢) = (& + t), where %(.) is the

extension of x(.) with period 27, then C(t) = %[w(t) + P (—t)]; A = B*where B is the infinitesimal
generator of Yy and  {x € H' ]0,7[: x(0) = x(ir) = 0}, see [32] for more details.

Consider the impulsive second-order partial neutral differential equation with control fi(t,.)

t w
d|ao
o aa,(t,f)_ Jjb(t—s,n,r)w(s.n)dnds

—0 0

2

) ) [ 9 A
= Ww(t, )+ aaw(t, T) + f ,B(S)aa)(t, s)ds + ji(t, 1)
0

t

+ fc(s —tw(s,T)ds. (4.1)

Fort € J =[0,T],t € [0,m], su_bject to the initial condition
w(t,0) = w(t,m) =0, t €], 2 w(0,7) = (),
(L)(f,l’) =(p(€"[)' fE]—O0,0], 0<st<m,
t

Aw(t)(T) = f)’i(tz —sw(s,1)ds, i =12,..,n,

—o0

&
Aw'(t) (1) = f]’/}(ti —Sw(s,7)ds, i =1,2,..,n,

where that assume that ¢ (s)T = ¢(s, 1), ¢(0,.) € H*([0,7]) and
0<t; <-<t, <T. Here a is prefixed real number g € L*([0, ]).

We have to show that there exists a control g which steers (4.1) from any specified initial state to
the final state in a Banach space X.

To do this, we assume that the functions b, c, y;, ¥; satisfy the following condtions:

(i) The functions b(s, 1, 7), 2 (;‘tr"r) are continuous and measurable , b(s,n,m) = b(s,1,0) = 0

for every (s,n) €] — o0, 0] x J and
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1

(/= on , 2 )
L, = max {k J-_J-:Ofp(ls) <6lbgsr'in'f)) dndsdt | :i= 0,1}} < .

(ii) The functions ¢(.), y;, 7 are continuous,
1
2

(e ([0

~2 5
0 BPE9) VL -
L, = <f_w e ds) , i =1,..,n,are finite.

Assume that the bounded linear operator B : U < | — X defined by

Bw)(t)(r) = a(t, 1), € [0, m].
Defineonoperator D: X - X,g:J XB XX =X, fiJ]xBxX->Xand [, J;: B — Xby

DY) = ap(t,7) + f B (L, 5)ds,
0

W@ = f f b(=s,1, DW(s, n)dnds,

—0 0
t

Fap)@) = f c(=s)p(s, D)ds,

—0o0

0
L)@ = f Vi (=s)p(s, 1)ds,

0
@) = f Pi(=s)w(s, 7)ds,

Further, the linear operator W is given by

o0 T
1
Wuw)(r) = Z J Esin ns(d(s, 1), e,)e,ds, 7 €[0,m].
n=1g
Assume that this operator has a bounded inverse operator W1 in L2([J, U])/ ker W. With the choice of
A,D,B,W,f,g, land J;, (2.1)-(2.4) is the abstract formation of (4.1). Moreover the functions , D, f, g, I; and
Ji,i =1,2,...,n are bounded linear operators With|[D||xy < lal + I8l .2¢0r), IfIl < Lg, lgll < Ly, I < Ly,
and ||J;|I < L;,. Hence the damped second-order impulsive neutral system (4.1) is controllable.
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