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Abstract:- In this paper, a more general definition of triangular intuitionistic fuzzy number (TIFN) is proposed by
removing the “normality’ in the definition of intuitionistic fuzzy number. The basic arithmetic operations of
generalized triangular intuitionistic fuzzy numbers (GTIFNs) and the notion of [C'rlj ,Sj-cut sets are defined. Also
a nearest interval approximation method is described to approximate a GTIFN to a nearest interval number.
Moreover the average ranking index is introduced to find out order relations between two GTIFNs. Numerical
examples are also provided for illustration.
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l. INTRODUCTION

Fuzzy set theory introduced by Zadeh [1], has been researched widely in many fields and various modifications
methods and generalization theories have been appeared in different directions. One of them is the concept of intuitionistic
fuzzy set(IFS), first introduced by Atanassov [3, 4], which can be viewed as an appropriate/alternative approach to define a
fuzzy set in case where available information is not sufficient for the definition of an imprecise concept by means of a
conventional fuzzy set. Out of several higher-order fuzzy sets, IFSs have been found to be compatible to deal with vagueness.
In fuzzy sets the degree of acceptance is considered only but IFS is characterized by a membership function and a non-
membership function so that the sum of both the values is less than one [3, 4]. Intuitionistic fuzzy numbers (IFN) in one way
seem to suitably describe the vagueness and lack of precision of data. To the best of our knowledge, Burillo [5] proposed the
definition of intuitionistic fuzzy number and the first properties of the correlation between such numbers. Recently, the
research on IFNs has received a little attention and several definitions of IFNs and ranking methods have been proposed.
Mitchell [6] interpreted an IFN as an ensemble of fuzzy numbers and introduced a ranking method. Nayagam et al. [7]
described IFNs of a special type and introduced a method of IF scoring that generalized Chen and Hwang's [8] scoring for
ranking IFNs. Wang and Zhang [9] defined the trapezoidal IFN and gave a raking method which transformed the ranking of
trapezoidal IFNs into the ranking of interval numbers. Shu et al. [10] defined a triangular intuitionistic fuzzy number (TIFN)
in a similar way, as the fuzzy number introduced by Dubois and Prade [11]. Very recent Li [12, 13] introduced a new
definition of the TIFN which has an logically reasonable interpretation and some applications are given in [14, 15]. Seikh et
al.[16] proposed few non-normal operations on TIFN and also investigated on inequality relations between two TIFNSs. In
this paper, GTIFNs are introduced in a more general way, by adding an additional non-membership function, which can
consider the degree rejection also. Arithmetic operations of proposed GTIFNs are evaluated. Moreover a GTIFN is
approximated to a nearest interval by using (05, ,H) -cut sets. A new ranking method is proposed to find inequality relations
between two GTIFNs by defining average ranking index.

This paper is organized as follows. In Section 2 we present basic concept of GTIFN and described the arithmetic
operations of such numbers. In Section 3 an approximation method is described to approximate a GTIFN to a nearest
interval number. In Section 4 inequality relations between two GTIFNs are proposed by defining average ranking index.
Section 5 describes a short conclusion.

1. INTUITIONISTIC FUZZY SETS

The intuitionistic fuzzy set introduced by Atanassov [2, 3] is characterized by two functions expressing the degree
of belongingness and the degree of non-belongingness respectively.
Definition 1 Let IJ = {1'1_1 Lae™y l,,.} be a finite universal set. An intuitionistic fuzzy set 4 in a given universal set I/
is an object having the form

A= {{x,pg(x)vg(x)rx; €U @)
where the functions

ppU—[01]; ie.x, €U — pug(x) € [01]

and vy:U — [0,1] ie.,x; €U — vy(x;) € [01]

define the degree of membership and the degree of non-membership of an element x; = L7, such that they satisfy the
following conditions :
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0= pa(x)+vi(x)= 1LvVx; €U
which is known as intuitionistic condition. The degree of acceptance [ Jq[l') and of non-acceptance Vj [1) can be
arbitrary.
Definition 2 Eﬂ, ﬁ]-cuts) : A set of (ﬂ, Jl5’)-cut, generated by IFS *31 where ¢z, 5 € ['E'Jl] are fixed numbers such that
o + [f = 1is defined as

i = (x, pg(x)va(x) ) x €U

e Ty zav(0 =6 af €[01]
where [ﬂi, Jlgj-(:ut, denoted by -’ic:.ﬁ’ is defined as the crisp set of elements X which belong to A at least to the degree &
and which does belong to A at most to the degree }S’

2.1 Triangular Intuitionistic Fuzzy Number
Intuitionistic fuzzy number was introduced by Burillo et al. [4]. The definition of IFN is given below

Definition 3 ( Intuitionistic Fuzzy Number): An intuitionistic fuzzy number (Fig. 3) Atis
i. an intuitionistic fuzzy subset on the real line

ii. normal i.e. there exists 5 € H such that zi 5i (x,) = 1 (sovi(x,) = 0]
iii. convex for the membership function it ;i i.e.
pgi(Axy + (1 — Axy)) = min{p (), ()} ¥ x, € R A € [01]
iv. concave for the non-membership function v;: i.e.
vyi(Ary + (1 — Ax,)) < mas{v (), vyi(x,) Vreyx, € RA€[01].
v

0 5 ; : -
aTon £

Figure 1: Membership and non-membership functions of A
Accoding to Seikh et al.[15] we have defined GTIFN in a more general way.
Definition 4 ( Generalized Triangular Fuzzy Number)
A generalized triangular intuitionistic fuzzy number(GTIFN) f,: =1 [ﬂ, 3#1 T H",:jj EHJ 31,; Ty :I'} isa

special intuitionistic fuzzy set on a real number set K, whose membership function and non-membership functions are
defined as follows (Fig. 2):

x—a+l,
4 — il - S

— Wi a—l,=x<a

W_; rx=a
SN e !
Hz (x) = PRS-

Wi 0 ox = a -+,

0; otherwise

(a—x)+u,(x—a _I"].

i' ;o a—l,=x<a
g v () = U; - x=a
and vy (x) = (x—a)+u,(atr —x)
o asx=a+r,
7,
1; atherwise
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where fw L% EW T, are called the spreads of membership and non-membership function respectively and & is called mean

value. W and i ; represent the maximum degree of membership and minimum degree of non-membership respectively
such that they satisfy the conditions @ = w_ = 1,0 =u_, =1 and 0 =w_ +u, = L

fh.

Uy

0 a—1,a—1, @ a+7T, a+r, @

Figure 2: Membership and non-membership functions of fc

M
'—'l

Observe that for * € [a — [l ,a— [ Jandx € [a+ 1, a+ 1], itis Jufﬂ,:x_-, =0,v;
From Fig. 2 and the above definition, we see that 0 = 1tz (x) = 1,0 i vy (%) =
It is easily shown that ;b [1) is convex and Vs [1) is concave for x & LI . Further, for

a—l, =x<a #J;n [:L) = Qandv: [:Lj 1. Therefore;h (x)+v (1)
For & —E# = x <,

e () + vy (x) = T w4 AT
When, & = a — L, pz_(x) + z-a (x) < Llandwhenx = a,pz_(x) +vs (x)=w, Tu, =1
Forid <= x = @ + 7,

e () + v, (1) = T w, + SIS

1-u,
=(a—x) (——,—“J + (g +wy).

When, x = @, tz_{x) +v (1) =w, < landwhenx < a +7,, u;_(x) +v;_(x) < L.
Fora+7, <x=a 1,,,u~ (x)= 'D and Vv (1] L.so, ptz_(x) +v;_(x) = 1. Therefore for above

all cases 0 < iz (x —“;"fﬂ(:lj = 1.
The quantity IT:_ [1) =1 —jp; [1:I — Vi (1'), is called the measure of hesitation. The set of all these fuzzy

numbers is denoted by GTIFN(EH).
ifa—1,= Othen GTIFN T, = {(a, I, m:w,). (a1, 71 )} is called a positive GTIFN, denoted by

T,= 0 and if @ +7, = 0 then T, is called negative GTIFN, denoted by T, = & . Two GTIFNs
fr.' = {.(ﬂi by r T 3V 'cji (HJ by oTy i “"cj} and B= {[Q-"‘,..! + T r.:') ['@J "1y T e u’.’.:lj:: are said to be
equal if and only if
a=bl, =1, % =n. 0L =l .n =n.w,=w, and U, = U,
It is obvious that iffna = 3,;3 =1 and T, =Ny, =T then { (@, ! bu T Wals [ﬂ; by 1T i i Ug))

generates to 4 &, 3,:, P Wo U, } which is just about the triangular intuitionistic fuzzy number. Thus GTIFN isa
generalization of the TIFN (Seikh et al.[15]).

The basic arithmetic operations on TFNs are defined in [15]. Based on these operations we extend the basic arithmetic
operations on GTIFNSs.

2.2 Arithmetic Operations

For two GTIFN t, = el m iwe)(al, n u.)) and
T, ={(b.1,,.
Addition:

Tupi Wpe :l; (b, 31,31 Ty iUps )‘? and for a real 4, the arithmetic operations are defined as follows:

10
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T, t1, =

{:[a + b, I#ﬂ + E#h, T, T T min{w,,w, ), (a + b, Ivﬂ + Evh,ﬂ,ﬂ + 7, max{uc,ub}]:}.

Subtraction:
T, — T, =

{:(a — b, Eh T, T E#h_:’min{u-'m w1, (a — b, 31,# T, T 31,h_:mﬂ1'{1r,c,14:b}j:}.

Scalar Multiplication:

. [{(Aa, AL, Ar, 5w j [[;{HJHW& g ) for A=0
o T ((Aa,—Ar,_,—21, 1w,),((Aa,—2n, AL, juz))y  for A< 0

2.3 (€, B )-cut set of GTIFN
Definition 5 A (et, F)-cut set of a GTIFN T, = {(a. l, .7, swg. ). (@ L, .7, sug.))is a crisp
subset of 2, which is defined as
~ el . .
B0 = (x) =
where 0 T = w_u, ==
which is defined as
® = {x:p;_(x) =z al; where, 0= w
o

.-
= {x: Hz, (x) = a}isaclosed interval, defined

e Ih

Accordlng to the definition of GTIFN it can be easily shown that
by
t.” = [a(a).az(a)] @

where a;(a) = (a—1 =

#:j—%f;i_: and ﬂR(ﬂj=[a—T#:j—%.

Similarly, a [5-cut set of a GTIFN I, = {(a 3“2, Tugi War ). (a, Hﬁﬁ}a i1, )} is a crisp subset of K, which is
defined as

={xv; (x) =B} where u, =f =1

It follows from definition that fc'g is a closed interval, denoted by f,:'g = [a; (5),az ()] which can be calculated
as

= [a,(£).az(F)] @)

where a,(B) = (a—1, ]I—Iii'i: poand ag(f)=(a+wn, )-— 11_3_:

It can be easily proven that for T, = {(a, !l b Mgt H-',:J)J(HJEVEJT},Q ; ’ui,:J:I} £ GTIFN(R) and for any
e[0,w,].5E [uc,l]where'i] a+ =1
~ mf _ .'3’ )

T
el
where the symbol "/ denotes the minimum between T~ and I,

.f"-.l'
B

Example 1 LetT, = {(5,1,2; 0.6),(5,1.5,2.6; 0.3)} be a GTIFN. Then for ct € [0,0.6], we get the
following &-cut as

Fi=l4+—,7——
os’ 0.3

and for 5 € [0.3,1], we get following [5-cut as
t A =[35+214(1—£)76 —371(1— )]

1. NEAREST INTERVAL APPROXIMATION
In this section, we approximate a fuzzy number by a crisp number according to Grzegorzewski [16]. Let f,: be an
arbitrary triangular fuzzy number with £t-cuts [-i'IL (fﬂ), ﬂg[ﬂl)], then by nearest interval approximation method, the
lower limit £z and upper limit g of the interval are

11
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c, = f; a;(a)da and Cp= f; agle)de.
Here we are to approximate a GTIFN to a nearest interval number. For this let
{(EI, Lu , L ), (H, 31,21?‘1,: P UL :I‘} be a GTIFN and it's (ﬂi, }S’)-cut set is defined in section 2.3. Thus the
nearest fE-cut and ,5’ -cut intervals are defined as follows
Ci(Ta) = (¢, €81 =[[]% ay(a)da, [[* az(a)dal,
where &; I:ﬂf:l and ; I:ﬂf:l are defmed in (2). Using equation (2) and integrating we have
CE(E) ¥ [(a — 2w, (a+ 2w,

Similarly
cf (i) = [cf.cf] = 11 atB)ab. I az(B)ds)

where ; (,5’) and dg (}5’) are defined in (3). Using equatlon (3) and integrating we have
cs O (=25 (1 - u) (e + 2 (1 —u,)|

IfCS(T,) and c? . [1’,:) are respectively approximate ct-cut and /3 -cut interval of a TIFN T, then we define the nearest

interval approximation for f,: as

- . . B o

£/ v min{CE(£,),¢5 (30} @
The minimum between two intervals can be determined by usual interval order relations defined in [18, 19]. The set of all
such interval numbers is denoted by I {3 ).

V. INEQUALITY RELATIONS OF GTIFNS
The raking order relation between two GTIFNSs is a difficult problem. However, GTIFNs must be ranked before
the action is taken by the decision maker. In this section we describe a new ranking order relation between two GTIFNs by

defining average ranking index. Assume that T, = {{a, 3# ST i Was ). (@, 31,31?‘;,: ;U )} and
I, = {(b,f%,?‘# wy,, ). (b, 1 Ly Ty i ﬂ,)} be two GTIFNs, T_%, ¥, % and fcgj fa,'g be their & -cuts and 5 -

cuts respectively. Let 111 [1',: ) and 111 4 ( a j be mean values of the intervals fc # and f,: S, respectively i.e.,

Zaw, + (w, —a)(n, —1, )

me(te”) = w
:FI:I:'.I.—LC:_.'_':-'3_:-'53..":-1"_'“_‘I'.' )

1-ug)

and m_(t,%)=

’mb[fbﬂ'] and ’rﬂb(fb'gj can be defined similarly. We define average raking index of the membership function
Liz_ () and the average raking index of the non- membership function V() for the GTIFNs I, as follows:
R(2) = [ m(t,)da="2[4a+r,_—1, ]
and
R = Byvdf=—"2[4a+7, —1
HTa) =1, m(i") = 4a+r, — 1]
respectively. Assume that 1' and 1' be two GTIFNs Let R [1' ) R (1' j be their average ranking index for
membership functions and RP[TEJJ Rp[l'b] be the same for non-membership function. On the basis of above definition
we propose the following inequality relations.
1 1f R, (T,) < R, (Ty) then T is smaller than T} and is denoted by T, < T,
2. 1R, (T,) = R, (T, then
@IfR,(T,) = R,(T,)then T, isequal to T, denoted by T, &' T,;
(o) IfFR,(T.) < R,(T,) then T issmaller than T, denoted by T, = T;,.

o~

The symbol ™ -=" is an intuitionistic fuzzy version of the order relation ™ =- " in the real number set and has the linguistic

T

interpretation as “essentially less than." The symbols *>~" and (@) are explained similarly.

Example 2 LetT, = {(5,1,2;0.6),(5,1.5,2.6; 0.3)}and T, = {(6,2,1;0.6), (6,2.1,1.5; 0.4} } be two
GTIFNs. Here we have

12
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]

a=25 1, =1, . =2, w,=06
I, =15 r_ =26 u,=03
l.

Vi

and b =8, wy = 2, T, = Low, = 0.6
7 = ¥ = 1 =
Lyy 2.1, Ty 1.5, u_, =04,

Then we have R, (T,) =3.15 and R, (T,) = 3.45 . Thus from the above discussion we see that
R, (T,) = R, (T, ) and therefore T, < T;,.

V. CONCLUSION
In general, the theory of IFS is the generalization of fuzzy sets. Therefore it is expected that, IFS could be used to
stimulate human decision-making process and any activities requiring human expertise and knowledge which are inevitably
imprecise or not totally reliable. In this paper, we have introduced a more general definition of triangular fuzzy number in
intuitionistic fuzzy environment such that the degree of satisfaction and rejection are so considered that the sum of both

values is always less than one. Basic arithmetic operations and Eﬂ, B)-cut sets are defined for this types of fuzzy numbers.

Also a GTIFN is approximated to a nearest interval number by using [-’rJJ 1'9] —cut sets. Finally, average ranking index is
proposed to find inequality relations between two GTIFNs. This approach is very simple and easy to apply in real life
problems. Next, we approximate a GTIFN to a nearest interval number.

However, non-linear arithmetic operations of GTIFNs may be found in near future. A more effective ranking method may be
developed which can be effectively applied to decision making problems with intuitionistic fuzzy parameters.

It is expected that the proposed methods and techniques may be applied to solve many competitive decision making
problems in the fields such as market share problem, economics, management and biology which are our future aim of work.
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