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A note on L'-Convergence of Rees- Stanojevi¢ Sum
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Abstract:- We obtain a necessary and sufficient condition for L'-convergence of Rees-Stanojevié [5] modified
cosine sum and generalize a result of Garrett and Stanojevi¢ [2] and a classical result [1, p. 204].
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l. INTRODUCTION

Consider the cosine series

a o0
L Zak cos kx . (1.1)
2 ia

Let S,(x) denote the partial sum of (1.1) and f(x) = lim,_,., Sy(X).
Rees and Stanojevi¢ [5] introduced a modified cosine sum

1 n n n
H)= =D Aact D, D Agcoskx, (1.2)

20 k=1 j=k
and obtained a necessary and sufficient condition for its integrability.

A null sequence {a.} is said to be quasi-convex if

o0
D, (D<o
k=1
Regarding the convergence of f,(x) in L-metric, Garrett and Stanojevic [2] proved the following theorem :

Theorem A. If {a} is a null quasi-convex sequence, then f,(x) converges to f(x) in L-metric.
The following results are known :

Theorem B [1, p. 202]. If {a} is a quasi-convex null sequence, then (1.1) is a Fourier series of its point-wise limit.
Theorem C [1, p. 204]. If a, 4 0 and {a} is convex or even quasi-convex, then for L*-convergence of (1.1) it is necessary
and sufficient that lim_,a,logn=0.

Kano [4, Theorem E] generalized Theorem B by proving the result :

TheoremD. Ifa,— 0ask — oand
X a
2
Zkz Al =X ||<o0, (1.3)
1 K
then (1.1) is a Fourier series.
The aim of this paper is to generalize theorem A by obtaining a necessary and sufficient condition for L-

convergence of f,(x) under (1.3).Our corollary is the extension of Theorem C .

1. LEMMA
For the proof of our result, we require the following lemma :

Lemma 1[3]. Let Dy(x), Dn(x) and K,(x) denote Dirichlet, conjugate Dirichlet and Fejér kernels respectively, then

1
Dn(X) = Ky(x) + D'y(x) .
n+1
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1. RESULTS
We prove the following result :
Theorem 1. Let {a} satisfy (1.3). Then
(i) lim,_,, f,(X) = f(x) for x € (0,7] and f & L (0,7] .
(i) | f.—f |= o(1), n—oo.

Proof. (i) We have

a
= -0 4 zak 0 kX — apyg Dp(X) .
2 G

Since {a,} is null sequence, lim,_,,, f,(x) = f(x) for x ¢ (0,x] , and by Theorem D we have f¢ L (O,x] .
(i) Application of Lemma 1 yields

) - F,00= D@y cos kx+ an Dy(x)
k=n+1

a _
= Z a, coskx+ n+l D'n(X) + ansy Kn(X)
k=n+1 n+ 1

d mnoa, . a -~
=limp. — | D —SIN KX |+ =5 B9 + 8 Ky(x).
dx K=n+1 k n+1

Using Abel’s transformation twice, we have

f(x) = £,(x) = limy,_,., A D' (x +—m D'\
(X) — () = lim {Z (kj «(X) - D

k=n+1

_ n+1 Dl ( )jl n+]i D'n(X)+an+1 Kq(X)
_I_

n+1
a
= limp . (k + 1)A2( j K'k(X) + mA (L‘lj K ma(X)
LG‘il ‘ m-1

a a
() A | LRG0+ — DY(X) + 8 Ka(X)
n+1 m

a
Z(k +1) a2 ( "J K = (n+1) A (Lﬂj Ka(x)
n+1

k=n+1

_ +ane Ko(X)
where K(x) denotes the conjugate Fejér kernel. Thus

ﬂf(x) f.(x)]dx < Z(k+1) A{ j

k=n+1
A an+l
n+1) -

I|K‘ (X) | dx

(IR 00[dX + o,

+(n+1)

e [|K, (X)[dX ==

But, by Zygmund’s Theorem [1, p. 458], we have

I| K' (X)|dx = ow.

—T
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1
=o| ———|.
(n+1)
Thus, it follows that

(10— £,001dx = 0| 3 (k+1?

Also,

>
7\
S |lo
+ 2
[N
N

1

IA

+0(1) +o(1)

0

k=n+1
= 0(1).
V. CORROLARY
(i) Let {a.} satisfy (1.3), then | f (X)- Sy(X)]|=0(1), n— o,

ifandonly if  [|aq|log n=0(1), N>

Proof. We have

[IF(x) =8, () [dx= [11)—£,() [+ [IF, () =S, (x) | dx

- 100 - 1,091 dx + [J2,,D,(x) | dx.

and
[12,4D,09 1dx = JIF, ()~ S, (x) | dx
< }|f(x)—sn(x)|dx + f|f(x)—fn(x)|dx.
Since,

U U
limp_ye Il f(X) - fn (X) | dX = 0 by our Theorem 1 and Il Dn (X) | dX behaves like log n for large n,
—T —T
the conclusion follows.
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