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ABSTRACT: In this article, the concept of an Anti-Picture Fuzzy BG-subalgebra in a BG-algebra is introduced 

and illustrated with a suitable example. Several fundamental properties of this structure are investigated. 

Furthermore, it is proved that the intersection of two Anti-Picture Fuzzy BG-subalgebras is again an Anti-

Picture Fuzzy BG-subalgebra. 
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I. INTRODUCTION  

 

Fuzzy set theory was first presented by L. A. Zadeh [12] in 1965 as a tool for managing uncertainty in 

real-world situations. As an expansion of fuzzy set theory, Atanassov [4] proposed the concept of intuitionistic 

fuzzy sets in 1986. Cuong [5] extended the concepts of fuzzy sets and intuitionistic fuzzy sets in 2014 with the 

introduction of picture fuzzy sets. Kim and Kim proposed the idea of BG-algebras [8], which are generalisations 

of B-algebras. Ahn and Lee [2] later defined fuzzy subalgebras of BG-algebras in 2004. In near-rings, Kim and 

Yon established the idea of anti-fuzzy ideals [7]. By developing anti-fuzzy ideals of Γ-near-rings [11], Srinivas 

et al. expanded on this concept. Anti fuzzy BG-ideals in BG-algebras [6] were subsequently introduced by 

Muhammad Uzair Khan et al. Asif et al. presented picture fuzzy ideals of near-rings [3] in 2020. Zhang et al. 

proposed picture fuzzy filters of pseudo-BCI algebras [13] in 2017. Picture anti-fuzzy interior ideals of 

semigroups [1] were recently developed by Adak and Kamal. Furthermore, picture fuzzy subalgebras [9] and 

interval-valued picture fuzzy subalgebras [10] in BG-algebras were investigated by P. Naga Sriveni et al. In this 

paper, we present the notion of an anti-picture fuzzy BG-subalgebra and provide an appropriate example. We 

also discussed some of their properties. 

 

II. MATERIAL AND METHODS  

 

Definition 2.1 [8] A non-empty set £ with a constant 0 and a binary operation ∗ is said to be BG-Algebra if it 

satisfies the following axioms 

1. 𝗎 ∗ 𝗎 = 0 

2. 𝗎 ∗ 0 = 0 

3. (𝗎 ∗ 𝗏) ∗ (0 ∗ 𝗏) =  𝗎 for all 𝗎, 𝗏 ∈ £. 

 

Definition 2.2 [8] A non-empty subset ℐ of a BG-algebra £ is called a subalgebra of £ if 𝗎 ∗ 𝗏 ∈ ℐ  for all 𝗎, 𝗏 ∈
ℐ. 

 

Definition 2.3 [13] Let £ be the collection of objects. Then a fuzzy set ℱ in £ is defined as 

ℱ = {(𝗎, 𝙿1(𝗎)) | 𝗎 ∈ £}, 

where 𝙿1(𝗎) is called the membership degree of 𝗎 in ℱ and 0 ≤ 𝙿1(𝗎) ≤ 1.  
 

Definition 2.5 [2] A fuzzy set ℱ  is said to be a fuzzy subalgebra of £ if 

𝙿1(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿1(𝗎), 𝙿1(𝗏)} for all 𝗎, 𝗏 ∈ £. 
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Definition 2.6 [6] A fuzzy set ℱ  is said to be an anti-fuzzy subalgebra of £ if 

𝙿1(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)} for all 𝗎, 𝗏 ∈ £. 

 

Definition 2.6 [5] Let £ be a non-empty and finite set. A Picture fuzzy set in £ is defined by 

 

𝙿 = {〈𝗎, 𝙿1(𝗎), 𝙿2(𝗎), 𝙿3(𝗎)〉|𝗎 ∈ £} 

Where 𝙿1: £ → [0,1], 𝙿2: £ → [0,1] and 𝙿3: £ → [0,1] positive, neutral, and negative membership functions 

respectively, and 0 ≤ 𝙿1(𝗎) + 𝙿2(𝗎) + 𝙿3(𝗎) ≤ 1. Furthermore,  𝐻(𝗎) = 1 − 𝙿1(𝗎) − 𝙿2(𝗎) − 𝙿3(𝗎) is the 

refusal membership function. 

 

Definition 2.7. [9] A Picture fuzzy set 𝙿 = (𝙿1, 𝙿2, 𝙿3) in £ is called a Picture Fuzzy BG-Subalgebra if it 

satisfies the following conditions  

(PFBG-SA 1) 𝙿1(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿1(𝗎), 𝙿1(𝗏)} 

(PFBG-SA 2) 𝙿2(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿2(𝗎), 𝙿2(𝗏)} 

(PFBG-SA 3) 𝙿3(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿3(𝗎), 𝙿3(𝗏)} for all 𝗎, 𝗏 ∈ £. 

 

Definition 2.8. [10] An interval valued picture fuzzy set 𝙿̿ = (𝙿1
𝐼 , 𝙿2

𝐼 , 𝙿3
𝐼) in £ is called an interval valued 

picture fuzzy BG-Subalgebra if it satisfies  

(IvPFBG-SA 1) 𝙿1
𝐼(𝗎 ∗ 𝗏) ≫ 𝑟𝑚𝑖𝑛{𝙿1

𝐼(𝗎), 𝙿1
𝐼(𝗏)} 

(IvPFBG-SA 2) 𝙿2
𝐼(𝗎 ∗ 𝗏) ≫ 𝑟𝑚𝑖𝑛{𝙿2

𝐼(𝗎), 𝙿2
𝐼(𝗏)} 

(IvPFBG-SA 3) 𝙿3
𝐼(𝗎 ∗ 𝗏) ≪ 𝑟𝑚𝑎𝑥{𝙿3

𝐼(𝗎), 𝙿3
𝐼(𝗏)} for all 𝗎, 𝗏 ∈ £. 

 

III. ANTI PICTURE FUZZY BG-SUBALGEBRA  

 

Definition 3.1. A Picture fuzzy set 𝙿 = (𝙿1, 𝙿2, 𝙿3) in £ is called an Anti-Picture Fuzzy BG-Subalgebra if it 

satisfies the following conditions  

(APFBG-SA I) 𝙿1(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)} 

(APFBG-SA II) 𝙿2(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿2(𝗎), 𝙿2(𝗏)} 

(APFBG-SA II) 𝙿3(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗏)} for all 𝗎, 𝗏 ∈ £. 

 

Definition 3.2. Consider a set £ = {0, 𝜖1, 𝜖2, 𝜖3, 𝜖4, 𝜖5} with the binary operation ‘∗’ which is given in table.1 

 

Table:1 

 

∗ 0 𝜖1 𝜖2 𝜖3 𝜖4 𝜖5 

0 0 𝜖5 𝜖4 𝜖3 𝜖2 𝜖1 

𝜖1 𝜖1 0 𝜖5 𝜖4 𝜖3 𝜖2 

𝜖2 𝜖2 𝜖1 0 𝜖5 𝜖4 𝜖3 

𝜖3 𝜖3 𝜖2 𝜖1 0 𝜖5 𝜖4 

𝜖4 𝜖4 𝜖3 𝜖2 𝜖1 0 𝜖5 

𝜖5 𝜖5 𝜖4 𝜖3 𝜖2 𝜖1 0 

 

Then (£;∗ ,0) is a BG-algebra. Let  𝙿 = (𝙿1, 𝙿2, 𝙿3) be a Picture fuzzy set in £ defined by table.2 

 

Table:2 

 

£ 0 𝜖1 𝜖2 𝜖3 𝜖4 𝜖5 

𝙿1(𝗎) 0.21 0.35 0.21 0.35 0.21 0.35 

𝙿2(𝗎) 0.13 0.52 0.13 0.52 0.13 0.52 

𝙿3(𝗎) 0.71 0.45 0.71 0.45 0.71 0.45 

 

It is routine to verify that 𝙿 = (𝙿1, 𝙿2, 𝙿3) is an Anti-Picture Fuzzy BG-Subalgebra of £. 

 

Proposition 3.3. If 𝙿 = (𝙿1, 𝙿2, 𝙿3) in £ is an Anti-Picture Fuzzy BG-Subalgebra in £, then for all 𝗎 ∈ £ 

𝙿1(0) ≤ 𝙿1(𝗎), 𝙿2(0) ≤ 𝙿2(𝗎) and 𝙿3(0) ≥ 𝙿3(𝗎). 

 

Proof: Let 𝗎 ∈ £. Then 

𝙿1(0) = 𝙿1(𝗎 ∗ 𝗎) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗎)} = 𝙿1(𝗎) 
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⇒ 𝙿1(0) ≤ 𝙿1(𝗎), 
𝙿2(0) = 𝙿2(𝗎 ∗ 𝗎) ≤ 𝑚𝑎𝑥{𝙿2(𝗎), 𝙿2(𝗎)} = 𝙿2(𝗎) 

⇒ 𝙿2(0) ≤ 𝙿2(𝗎), 
𝙿3(0) = 𝙿3(𝗎 ∗ 𝗎) ≥ 𝑚𝑎𝑥{𝙿3(𝗎), 𝙿3(𝗎)} = 𝙿3(𝗎) 

⇒ 𝙿3(0) ≥ 𝙿3(𝗎). 

 

Theorem 3.4. Let 𝙿 = (𝙿1, 𝙿2, 𝙿3) be a Anti Picture Fuzzy BG-Subalgebra of £. If there exists a sequence {𝗎𝑛} 

in £ such that lim
𝑛→∞

𝙿1(𝗎𝑛) = 1, lim
𝑛→∞

𝙿2(𝗎𝑛) = 1 and  lim
𝑛→∞

𝙿3(𝗎𝑛) = 0, then 𝙿1(0) = 0, 𝙿2(0) = 0 and 

𝙿3(0) = 1. 
 

Proof: Using the proposition 3.3, we know that 𝙿1(0) ≤ 𝙿1(𝗎𝑛) 𝙿2(0) ≤ 𝙿2(𝗎𝑛) and  𝙿3(0) ≥ 𝙿3(𝗎𝑛) for 

every positive integer n. Note that 

0 ≤ 𝙿1(0) ≤ lim
𝑛→∞

𝙿1(𝗎𝑛) = 0 

0 ≤ 𝙿2(0) ≤ lim
𝑛→∞

𝙿2(𝗎𝑛) = 0 

1 ≥ 𝙿3(0) ≥ lim
𝑛→∞

𝙿3(𝗎𝑛) = 1 

Therefore 𝙿1(0) = 0, 𝙿2(0) = 0 and 𝙿3(0) = 1. 

 

Proposition 3.5. If a Picture fuzzy set  𝙿 = (𝙿1, 𝙿2, 𝙿3) in £ be a Anti Picture Fuzzy BG-Subalgebra, then for 

all 𝗎 ∈ £ 𝙿1(0 ∗ 𝗎) ≤ 𝙿1(𝗎), 𝙿2(0 ∗ 𝗎) ≤ 𝙿2(𝗎) and 𝙿3(0 ∗ 𝗎) ≥ 𝙿3(𝗎). 

 

Proof: For all 𝗎 ∈ £, we have            

 

𝙿1(0 ∗ 𝗎) ≤ 𝑚𝑎𝑥{𝙿1(0), 𝙿1(𝗎)} = 𝑚𝑎𝑥{𝙿1(𝗎 ∗ 𝗎), 𝙿1(𝗎)} 

≤ 𝑚𝑎𝑥{𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗎)}, 𝙿1(𝗎)} = 𝙿1(𝗎) 

⇒ 𝙿1(0 ∗ 𝗎) ≤ 𝙿1(𝗎), 

 

𝙿2(0 ∗ 𝗎) ≤ 𝑚𝑎𝑥{𝙿2(0), 𝙿2(𝗎)} = 𝑚𝑎𝑥{𝙿2(𝗎 ∗ 𝗎), 𝙿2(𝗎)} 

≤ 𝑚𝑎𝑥{𝑚𝑎𝑥{𝙿2(𝗎), 𝙿2(𝗎)}, 𝙿2(𝗎)} = 𝙿2(𝗎) 

⇒ 𝙿2(0 ∗ 𝗎) ≤ 𝙿2(𝗎), 

 

𝙿3(0 ∗ 𝗎) ≥ 𝑚𝑖𝑛{𝙿3(0), 𝙿3(𝗎)} = 𝑚𝑖𝑛{𝙿3(𝗎 ∗ 𝗎), 𝙿3(𝗎)} 

≥ 𝑚𝑖𝑛{𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗎)}, 𝙿3(𝗎)} = 𝙿3(𝗎) 

⇒ 𝙿3(0 ∗ 𝗎) ≥ 𝙿3(𝗎). 

 

Definition 3.6. Let 𝙿1 = (𝙿11
, 𝙿21

, 𝙿31
) 𝑎𝑛𝑑  𝙿2 = (𝙿12

, 𝙿22
, 𝙿32

) be two Picture Fuzzy Sets, then the 

intersection is defined as 

                                                                                                                  

𝙿1 ∩ 𝙿2 = {(𝗎, 𝑚𝑎𝑥 (𝙿11
(𝗎), 𝙿12

(𝗎)) , 𝑚𝑎𝑥 (𝙿21
(𝗎), 𝙿22

(𝗎)) , 𝑚𝑖𝑛 (𝙿31
(𝗎), 𝙿32

(𝗎))) : 𝗎 ∈ £} 

 

Theorem 3.7. Let 𝙿1 and 𝙿2 be two Anti Picture Fuzzy BG-Subalgebras of £, then 𝙿1 ∩ 𝙿2 is a Anti Picture 

Fuzzy BG-Subalgebra of £. 

 

Proof: Let 𝗎, 𝗏 ∈ 𝙿1 ∩ 𝙿2, then 𝗎, 𝗏 ∈ 𝙿1 and 𝗎, 𝗏 ∈ 𝙿2. 

 

𝙿1𝙿1∩𝙿2
(𝗎 ∗ 𝗏) = 𝑚𝑎𝑥 {𝙿1𝙿1

(𝗎 ∗ 𝗏), 𝙿1𝙿2
(𝗎 ∗ 𝗏)} 

                         ≤ 𝑚𝑎𝑥 {𝑚𝑎𝑥 {𝙿1𝙿1
(𝗎), 𝙿1𝙿1

(𝗏)} , 𝑚𝑎𝑥 {𝙿1𝙿2
(𝗎), 𝙿1𝙿2

(𝗏)}}             

                         = 𝑚𝑎𝑥 {𝑚𝑎𝑥 {𝙿1𝙿1
(𝗎), 𝙿1𝙿2

(𝗎)} , 𝑚𝑎𝑥 {𝙿1𝙿1
(𝗏), 𝙿1𝙿2

(𝗏)}} 

                         = 𝑚𝑎𝑥 {𝙿1𝙿1∩𝙿2
(𝗎), 𝙿1𝙿1∩𝙿2

(𝗏)} 

 

𝙿2𝙿1∩𝙿2
(𝗎 ∗ 𝗏) = 𝑚𝑎𝑥 {𝙿2𝙿1

(𝗎 ∗ 𝗏), 𝙿2𝙿2
(𝗎 ∗ 𝗏)} 

                         ≤ 𝑚𝑎𝑥 {𝑚𝑎𝑥 {𝙿2𝙿1
(𝗎), 𝙿2𝙿1

(𝗏)} , 𝑚𝑎𝑥 {𝙿2𝙿2
(𝗎), 𝙿2𝙿2

(𝗏)}}             



A Study on Anti-Picture Fuzzy Subalgebras in BG-algebra 

250 

                         = 𝑚𝑎𝑥 {𝑚𝑎𝑥 {𝙿2𝙿1
(𝗎), 𝙿2𝙿2

(𝗎)} , 𝑚𝑎𝑥 {𝙿2𝙿1
(𝗏), 𝙿2𝙿2

(𝗏)}} 

                         = 𝑚𝑎𝑥 {𝙿2𝙿1∩𝙿2
(𝗎), 𝙿2𝙿1∩𝙿2

(𝗏)}, 

 

𝙿3𝙿1∩𝙿2
(𝗎 ∗ 𝗏) = 𝑚𝑖𝑛 {𝙿3𝙿1

(𝗎 ∗ 𝗏), 𝙿3𝙿2
(𝗎 ∗ 𝗏)} 

                         ≥ 𝑚𝑖𝑛 {𝑚𝑖𝑛 {𝙿3𝙿1
(𝗎), 𝙿3𝙿1

(𝗏)} , 𝑚𝑖𝑛 {𝙿3𝙿2
(𝗎), 𝙿3𝙿2

(𝗏)}}             

                         = 𝑚𝑖𝑛 {𝑚𝑖𝑛 {𝙿3𝙿1
(𝗎), 𝙿3𝙿2

(𝗎)} , 𝑚𝑖𝑛 {𝙿3𝙿1
(𝗏), 𝙿3𝙿2

(𝗏)}} 

                         = 𝑚𝑖𝑛 {𝙿3𝙿1∩𝙿2
(𝗎), 𝙿3𝙿1∩𝙿2

(𝗏)}.              

                                                                        

Hence 𝙿1 ∩ 𝙿2 is a Anti Picture Fuzzy BG-Subalgebra of £. Theorem 3.7. can be generalizes as follows. 

 

Theorem 3.8. Let {𝙿𝑖: 𝑖 = 1,2,3 … … } be a family of Anti Picture Fuzzy BG-Subalgebra of £. Then ⋂ 𝙿𝑖 is also 

an Anti Picture Fuzzy BG-Subalgebra of £. 

 

Theorem 3.9. A Picture Fuzzy Set 𝙿 = (𝙿1, 𝙿2, 𝙿3) is a Anti Picture Fuzzy BG-Subalgebra of £ if and only if 

the fuzzy sets 𝙿1, 𝙿2 and 𝙿3
𝑐 are anti fuzzy subalgebra of £. 

 

Proof: Let 𝙿 = (𝙿1, 𝙿2, 𝙿3) be a Anti Picture Fuzzy BG-Subalgebra of £ then we have 

 𝙿1(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)}, 

𝙿2(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿2(𝗎), 𝙿2(𝗏)} and  

𝙿3(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗏)} for all 𝗎, 𝗏 ∈ £.  
 

Clearly 𝙿1, 𝙿2 are anti fuzzy subalgebra of £. Now  

 

1 − 𝙿3(𝗎 ∗ 𝗏) ≤ 1 − 𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗏)} 

⇒ 𝙿3
𝑐(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{1 − 𝙿3(𝗎), 1 − 𝙿3(𝗏)} = 𝑚𝑎𝑥{𝙿3

𝑐(𝗎), 𝙿3
𝑐(𝗏)}. 

 

Hence  𝙿3
𝑐 is an anti-fuzzy subalgebra of £. 

 

Conversely, assume that 𝙿1, 𝙿2 and 𝙿3
𝑐 are anti fuzzy subalgebra of £.  

For every 𝗎, 𝗏 ∈ £ we have  

 

𝙿1(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)},   

𝙿2(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿2(𝗎), 𝙿2(𝗏)} 

𝙿3
𝑐(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿3

𝑐(𝗎), 𝙿3
𝑐(𝗏)} 

 

⇒ 1 − 𝙿3
𝑐(𝗎 ∗ 𝗏) ≥ 1 − 𝑚𝑎𝑥{𝙿3

𝑐(𝗎), 𝙿3
𝑐(𝗏)} = 𝑚𝑖𝑛{1 − 𝙿3

𝑐(𝗎), 1 − 𝙿3
𝑐(𝗏)} 

⇒ 𝙿3(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗏)}. 

Hence 𝙿 = (𝙿1, 𝙿2, 𝙿3) is an anti picture fuzzy BG-Subalgebra of £.       
                                                                                                                                      

Definition 3.10. Let 𝙿 = (𝙿1, 𝙿2, 𝙿3) is a Picture fuzzy set defined on £.  

The operator  ⨅𝙿 𝑎𝑛𝑑 ⨆𝙿 are defined as ⨅𝙿 = (𝙿1, 𝙿2, 𝙿1
𝑐) and ⨆𝙿 = (𝙿3

𝑐 , 𝙿2, 𝙿3) respectively. 

 

Theorem 3.11. If 𝙿 = (𝙿1, 𝙿2, 𝙿3) be an Anti-Picture Fuzzy BG-Subalgebra of £ then  

 (𝑖)⨅𝙿  
(𝑖𝑖)⨆𝙿 both are Anti-Picture Fuzzy BG-Subalgebras. 

 

Proof: (i) It is sufficient to show that 𝙿1
𝑐 satisfies the condition (APFBG-SA III).  

Let 𝗎, 𝗏 ∈ £ then we have 

 

𝙿1(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)} 

⇒ 1 − 𝙿1(𝗎 ∗ 𝗏) ≥ 1 − 𝑚𝑎𝑥{𝙿1(𝗎), 𝙿1(𝗏)} 

⇒ 𝙿1
𝑐(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{1 − 𝙿1(𝗎), 1 − 𝙿1(𝗏)} 

= 𝑚𝑖𝑛{𝙿1
𝑐(𝗎), 𝙿1

𝑐(𝗏)}. 
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Hence ⨅𝙿 = (𝙿1, 𝙿2, 𝙿1
𝑐) is an Anti-Picture Fuzzy BG-Subalgebra of £.   

                                                                                                                                  

 (ii) It is sufficient to show that 𝙿3
𝑐 satisfies the condition (APFBG-SA I).  

Let 𝗎, 𝗏 ∈ £ then we have 

 𝙿3(𝗎 ∗ 𝗏) ≥ 𝑚𝑖𝑛{𝙿3(𝗎), 𝙿3(𝗏)} 

⇒ 1 − 𝙿3(𝗎 ∗ 𝗏) ≤ 1 − min{𝙿3(𝗎), 𝙿3(𝗏)} 

⇒ 𝙿3
𝑐(𝗎 ∗ 𝗏) ≤ max{1 − 𝙿3(𝗎), 1 − 𝙿3(𝗏)} 

⇒ 𝙿3
𝑐(𝗎 ∗ 𝗏) ≤ 𝑚𝑎𝑥{𝙿3

𝑐(𝗎), 𝙿3
𝑐(𝗏)}. 
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