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n
ABSTRACT: According to a Cauchy’s classical result all the zeros of a polynomial P(z) = Zaj z! of
=0

a.
degree n lie in |Z| <1+ A,where A= maX o j<n1 L1 In this paper we find a ring-shaped region containing
A

n

all or a specific number of zeros of P(z).

Mathematics Subject Classification: 30C10, 30C15.
Keywords and Phrases: Polynomial, Region, Zeros.

l. INTRODUCTION
A classical result giving a region containing all the zeros of a polynomial is the following known
as Cauchy’s Theorem [4]:

n .
Theorem A. All the zeros of the polynomial P(z) = Z a;z ! of degree n lie in the circle
j=0

a.
|Z|S1+ M , where M =maxosjgn,1—J

n

The above result has been generalized and improved in various ways. Mohammad [5] used Schwarz
Lemma and proved the following result:

! ; M

Theorem B. All the zeros of the polynomial P(z) = Zajz’ of degree n lie in |Z| < m if |an| <M,
- a
J_

n

where M =max,_,(2,2"" +.....+ ao‘ =max

Recently Gulzar [3] proved the following result :

n
Theorem C.All the zeros of the polynomial P(z):Zajz’ of degree n lie in the ring-shaped region
j=0
r S|Z| <r,, where
1

) :[R4|a1|2(M —|a,)? +4a,|*R*M*]% —|a,|R?* (M —|a,)

' 2M 2
2M 2
r, = - :
) 1
[R*Jay4|" (M =[a,)* +4a,[R*M°]* —[a, 4[R* (M, —[a,)
M =max, ;(a,z" +.....+ alz‘,
M, =max‘z‘:R‘aoz” + ot an_lz‘,
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R being any positive humber.

n .
Theorem C.The number of zeros of the polynomial P(z) = Zajz‘ of degree n in the ring-shaped region
j=0

R
r, < |Z| < —,1< ¢ <R does not exceed
C

i |og(1+ ﬂ
log ¢ la,

where M is as in Theorem 1.

).

1. MAIN RESULTS
In this paper we prove the following results:

n ) n n-1
Theorem 1. Let P(z) = z a;2’ be a polynomial of degree nand let L = Z‘aj ‘, L'= Z‘ai ‘ . Then all the

j=0 =1 =0
zeros of P(z) liein 1, < Z| <r,, where for R>1,

1
- [R*[a,|* (R"L — |ag|)? + 4ag|[R*™2L*12 —|ay|R* (R"L ~ay)

' 2R*"L’|a, |
2ny 13
- 2R™"L"°|a,| :
[R“|al|2(R”L’—|a0|)2 +4|aO|R3"+2L’3]5 —lay|R*(R"L" )
and for R <1

1
o lay| (RL—[a,|)? +4[a,|RL*]? —[a,|(RL — [a,))
' 2RL’[a,|

2RL"

a|

r, =

i ,
la|” (RL' ~|a,|)? + 4Ja, |RL*12 —|ay|(RL' ~[a,)

R being any positive number.

n . n
Theorem2. Let P(2) = Z a; " be a polynomial of degree n and let L = Z‘aj ‘ . Then the number of zeros
j=1

=0
R"L n
of P(z)in 1, <|z| < E,1< C does not exceed L log +|a0| _ 1 log(1+ R I_) for R>1
c logc la, | logc |
i tog REFBL 1 0 RY o r<,
log c la,] logc ||

For different values of the parameters in Theorems 1 and 2, we get many interesting results. For example for
R=1, we get the following results:
n n n-1
Corollary 1. Let P(2) = Zaj ' be a polynomial of degree n and let L = Z‘aj‘, L'= Z‘aj‘. Then all
j=0 j=1 j=0

the zeros of P(z) liein I < |Z| <r,, where,
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1
_ Tl (L —Jag)? + 4Ja|L°% —Jau (L —[ag)
' 2L%a,| |
2L"a,|

r, =

1
2

[|a1|2(|—’ _|ao|)2 + 4|ao||-’3] _|a1|(|-’ _|ao|)

Corollary 2. Let P(z) = Za ' be a polynomial of degree nand let L = Z‘a ‘ Then the number of zeros
j=0

of Pz)in I, £|Z| SE,1< C does not exceed ! lo L+|a0| = L log(1+—
c logc la,] logc | J

I,  LEMMAS
For the proofs of the above theorems we make use of the following results:

Lemmal. Let f(z) be analytic in |Z| <1 ,f(0)=a, where |a| <1, f'(0) =b and |f(z)| <Ifor |Z| =1. Then, for
7] <1,

(1—[aD|z|" +[b]2] + fal(1—[a)

|f(z)|§ .
[al(L-[a[z]* + [bf2] + (2 ~[al)
The example
b 2
a+—272—-1
f(z): 1+a
1-—z—az?
1+a

shows that the estimate is sharp.
Lemma 1 is due to Govil, Rahman and Schmeisser [2].

Lemma 2.Let f(z) be analytic for |z| <R f(0)=0, f'(0)=b and |f ()] <M for |z| =
Then, for |Z| <R,
M|z| M|z| + R?|b|
()< e M
+lollz
Lemma 2 is a simple deduction from Lemma 1.
Lemma 3.1f f(z) is analytic for |Z| <R, f(0)#0 and | f(Z)| <M for |Z| =R, then the number of zeros of
M

Slrol

Lemma 3 is a simple deduction from Jensen’s Theorem (see [1D.

R
f(z)in |Z| <— 1< c <R islessthan or equal to ——
C

V. PROOFS OF THEOREMS
Proof of Theorem 1. Let G(z)= @,2" +a, ,2" " +.....+ & Z.

Then G(z) is analytic for |Z| <R,G(0)=0, G'(0) = a,and for |Z| =

G(2) =|a,z"

n-1
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<la, 2" +]a, 42"+t fau2]
=|a,|R" +]a,|R"™ +....+|a|R
<R"[a,| +|any |+ H]ay]]
=R"L

for R>1
and for R <1,

|G(Z)|£RL.
Hence, by Lemma 2, for |Z| <R,
R"L|z| R"L|z|+|a,|R?
R = R"L+|az

G(2)| <

for R>1
and for R <1,

RUz| RUz|+|a,|R?
R* * RL+[alz]
Therefore, for |Z| <R, R2>1,
IP(2)| =|G(2) + &,
>|a,| -|G(2)|
R"L|z| R"L|z|+|a,|R?

G(2)| <

> [0~ R'L + a7
>0
if
2y R2(R™L +]a,[2)) - R"LIZ(R"LlZ] +[a,|R?) > 0
ie. if

R2"L2|7]" +|a,|R*(R"L —[a,|)|z| —[a,|R™?L < 0
which is true if
1
3 [R*[a,|” (R"L —[a,|)? + 4[a,|[R*™?L°]2 —[a,|R? (R"L —[a,)
2R™"%[a,| '
Similarly, for |2/ <R,R<L|P(z) >0 if
|a,|R* (RL+|a,|z]) - RUzZ|(RUZ| +|a,|R*) > 0

g

ie. if
L?|7|” +|a|(RL—|a,|)|z| ~|a,|[RL < O

which is true if

1
< llay|” (RL—[a,|)? + 4[a,|RL*12 —|a,|(RL — [a, )
2RL%|a| '
This shows that P(z) does not vanish in

i
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1
g [R*[a,|" (R"L —[a,|)? + 4[a,|[R*™?L*]2 —[a,|R*(R"L —[a,])

|Z| 2R2nL3|a0|

for |7 <R, R>1
and P(z) does not vanish in

g

for |Z|S R, R<1.
In other words, all the zeros of P(z) lie in

1
3 la,|” (RL— |a,|)? + 4[a,|RL*12 — [a,|(RL - [, )
2RL’|a, |

1
N [R*[a,|* (R"L —[a,])? +4a,|[R*™?L*]2 —[a,|R?(R"L —[a,)

|Z| 2R2nL3|aO|

ie. [Z|>r for |7 <R, R>1
and in

1
_ [, (RL~[ag])? + 4Jay |RL°]?
- 2RL’|a, |

—lay[(RL—ay, )

i

ie. [Z|>r for |7 <R, R<1.
On the other hand, let

=H(z)+a,,
where
H(z)=a,2" +a,2" " +....+a, ,Z.
Then H(z) is analytic and |H(Z)| < R"L'for |Z| =R , H(0)=0, H'(0) =4, ,. Hence, by Lemma 2, for
7| <R,
R"LZ R"Lz|+|ay|R?
R® ~ R'L'+[a7

IH(2)| <

for R>1
and for R <1,

RL'z| RL'|z|+|ay|R?
R? ° RL'+|ayz] ~
Therefore, for |Z| <R, R2z=1,
Q@) =[H(2) +ay|
> [a,| - |H (2)]
R"Lz| R"L|z|+|a|R?
R* ~ R"L +|az|

H(z)| <

>|a,| -

>0
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la,|[R*(R"L’ +|a,[)) - R"L|Z|(R"L"|7| +|a,|R?) > 0

i.e. if

R2L2|2|" +]a,|R*(R"L’ ~[a, ]| —|ay|R™L' < 0
which is true if

1

a,[)® +4Ja,|[R***L"]2 ~|a,|R*(R"L' -

2R2n L!3|a0|
similarly, for |2/ <R,R<1|Q(z)> 0 if

|a,|R*(RL +a,|2]) - RL|Z|(RL'|Z| +]a,|R?) > 0

[R*[a,|* (R"L' —
<

)

g

i.e. if
L?|2|” +|ay|(RL' ~[a,])|z| -|a,|RL < O

which is true if
1

<ﬂqf(RL“{aJY-+4aoRL“F—{@KRL“—
2RL"
This shows that Q(z) does not vanish in

4 %D

a|

1
a,))* +4a,|R*"?L"12 —[a,|R*(R"L' -
2R2n L!3|a0|

<[Rﬂ@f(R"LU— a,))

i

for |Z|S R,R>1
and Q(z) does not vanish in
1
|4<[pJ%RLt4q$2+4p0RL@P-JQKRU—-
2RL"
for |7 <R, R<1.

)

a|

1
In other words, all the zeros of Q(z) = z"P(=) liein
z

1
2

>mﬂquﬂJ—p$2+4%R“”Uﬂ —lay|R*(R"L" [y, )
- 2R2nLV3

i

a|

for |z <R, R>1
and in

1
2

—[ay[(RL—|ay])

Zﬂ@f(RL—hm2+4bJRE]

g e

for |z <R, R<1.

1
Hence all the zeros of P(=) lie in
z

1
Z[Rﬂ@f(Rﬂl—h$2+4pJR“”Lﬂ5—hJR%RHJ—h$

|Z| 2R2n L!3

a|
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for|Z|£R, R>1
and in

1
RL®1? —|a,|(RL' —|a,))

N [|a1|2(RL’—|a0|)2 +4a,

|Z| 2RL13 ao|
for |Z|S R, R<1.
Therefore , all the zeros of P(z) lie in
2R2n L!3|a0|
2l <

1

[R*[a,|” (R"L' —[a,|)? + 4[a,|R*"*2L"]2 —|a,|R*(R"L' — [, )
ie. || <r, for [z] <R, R>1andin
2RL"[a,|

IN

K ;
la,|* (RL' —|a,))? + 4Ja,|RL*12 —|a, [(RL" ~|a,|)

ie. 7| <r, for [z] <R, R<1.

Thus we have proved that all the zeros of P(z) lie in I, < Z| <, . That completes the proof of Theorem 1.
Proof of Theorem 2. To prove Theorem 2, we need to show only that the number of zeros of P(z) in
1 R"L 1 RL
log(1+ ) for R>1 and ——log(1+—
og c | log ¢

R
|Z| < —,1< ¢ does not exceed ) for R<1.
C

2

Since P(z) is analytic for |Z| <R, P(0)=a, and for |Z| <R,
P(@)|=

<la, 7" +|an_1||z|”_l ey 2]+

n n-1
a,2" +a,,2"" +..... A Z2+a,

<la,|R" +[a,y[R"™ +......4+[ay|R +[ay]
<R"L+|a|

for R>1
and

IP(z)| <RL+|a,|
for R<1,

R
it follows , by Lemma 3, that the number of zeros of P(z) in T £|Z|£—,1<C does not exceed
C

L g bt 1 RLy R s
logc | logc |
and ! log RL+|aO|: ! |Og(1+&) for R <land Theorem 2 follows.
logc la,] logc la
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