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l. INTRODUCTION

Interval-valued fuzzy sets were introduced independently by Zadeh [13], Grattan-Guiness [5], Jahn [7],
in the seventies, in the same year. An interval valued fuzzy set (IVF) is defined by an interval-valued
membership function. Jun.Y.B and Kin.K.H[8] defined an interval valued fuzzy R-subgroups of nearrings.
Solairaju.A and Nagarajan.R[10] defined the charactarization of interval valued Anti fuzzy Left h-ideals over
Hemirings. M.G.Somasundara Moorthy and K. Arjunan[11] have defined an interval valued fuzzy subring of a
ring under homomorphism. We introduce the concept of interval valued intuitionistic fuzzy subring of a ring and
established some results.

1.PRELIMINARIES:

1.1 Definition: Let X be any nonempty set. A mapping [M] : X — DJO0, 1] is called an interval valued fuzzy
subset (briefly, IVFS ) of X, where D[0,1] denotes the family of all closed subintervals of [0,1] and [M](X) =
[M~(X), M*(X)], for all x in X, where M~ and M* are fuzzy subsets of X such that M~ (x) < M*(x), for all x in X.
Thus M™(X) is an interval (a closed subset of [0,1] ) and not a number from the interval [0,1] as in the case of
fuzzy subset. Note that [0] = [0, 0] and [1] =[1, 1].

1.2 Definition: Let ( R, +, - ) be a ring. An interval valued fuzzy subset [M] of R is said to be an interval
valued fuzzy subring(IVFSR) of R if the following conditions are satisfied:

(i) [M](xty) = rmin { [M](x), [M](y) },

(i) [M](=x) = [M](x),

(iii) [M](xy) = rmin { [M](x), [M](y) }, forall xand y in R.

1.3 Definition: An interval valued intuitionistic fuzzy subset (IVIFS) [A] in X is defined as an object of the
form [A] = { < X, uay(X), viar(x) >/ x in X3}, where par - X = D[0, 1] and via: X — D[O, 1]
define the degree of membership and the degree of non-membership of the element xeX respectively and for
every xeX satisfying pa; (X) + via'(X) < 1.

1.4 Definition: Let ( R, +, .) be a ring. An interval valued intuitionistic fuzzy subset [A] of R is said to be an
interval valued intuitionistic fuzzy subring of R if it satisfies the following axioms:

(i) ppag(x —y) = rmin {pap(), piag(y)} = [min {ugay (%), par (03 min{ugay (%), wag ()3

(i) pag(xy) = rmin {ugay(¥), pag()3 = [ min Lugag (%), pay (V)3 minfugar (%), wa ()3

(i) viay(x-y) < rmax{via(x), viar(y)} = [max {via; (X), viar ()} max{via (x), via (v)}]

(V) viay(xy) < rmax {via (), via(y)} = [ max{viay (), via ()} maxqvia”(x), viay' ()3, for all x and y in R.
1.5 Definition: Let X and X' be any two sets. Let f : X — X' be any function and [A] be an interval valued
intuitionistic fuzzy subset in X, [V] be an interval valued intuitionistic fuzzy subset in f(X) = X', defined by

uv) = I SUP mar(®) and vv(y) = INF via), for all xin X and y in X'. [A] is called a preimage of [V]
xef1(y) xef=(y)

under f and is denoted by F1(V]).

1.6 Definition: Let [A] be an interval valued intuitionistic fuzzy subring of a ring R and a in R. Then the pseudo

interval valued intuitionistic fuzzy coset (aA)” is defined by ((apa)® )(X) = p(@)wa(X) and ((ava)®)(x) =

p(a)va(x), for every x in R and for some p in P.

1.7 Definition: Let [A] and [B] be interval valued intuitionistic fuzzy subsets of sets G and H, respectively. The

product of [A] and [B], denoted by [A]x[B], is defined as [A]X[B] = {{ (X, ¥), Wapxe(X.Y), Viaxe(X.y) ) / for all

61



Interval Valued Intuitionistic Fuzzy Subrings of A Ring

xinGandy inH }, where waper (X, Y) = rmin { pap(X), pei(y) ¥} and viape (X, y) = rmax { via(x),

vie(y) }-
1.8 Definition: Let [A] be an interval valued intuitionistic fuzzy subset in a set S. The strongest interval
valued intuitionistic fuzzy relation on S, that is an interval valued intuitionistic fuzzy relation on [A] is [V]

given by ppv(x, y) = rmin { g (X), ag(y) ¥ and vivi(x, y) = rmax{ viay(x), via(y) }, forall x, y in S.

. SOME PROPERTIES
2.1 Theorem: Intersection of any two interval valued intuitionistic fuzzy subrings of a ring R is an interval
valued intuitionistic fuzzy subring of R.
Proof: Let [A] and [B] be any two interval valued intuitionistic fuzzy subrings of a ring R and x, y in R. Let [A]
= {(x, (), vig())/ xR} and [B] = { (x, uey(x), vig(x) ) / xR} and also let [C] = [AIN[B] = { (x, pey(),
V[C](X) ) / xe R}, where H[C](X) = rmin {H[A](X): H[B](X) } and V[C](X) = rmax {V[A](X), V[B](X) } Now, },L[C](X—y) =
rmin {pag(<-y), pes(x-Y) 3= rmin{ rmin { pag(9), pgaply) 3 rmin { pep), peiy) 3= rmin {rmin{ pga(x),
ey () 3 rmin { ppay(y), pei(y) 33 = rmin { wiey(x), pe(y) }- Therefore, pe(x-y) = rmin { pey(x), pe(y) 3, for
all X, y in R. And, wey(xy) = rmin { ga(xy), tgey(xy) 3 = rmin £ ming pag(), mag(y) 3 rmin £ pey¥), pegy)
3} = rming rmin {09, w0 3, min £ gay), weily) 33 = rmin{ wey(3), wey(y) 3. Therefore, pyi(xy) =
rmin{ pey(X), piey(y) }, for all x, y in R. Now, vicy(x-y) = rmax { via(x-y), vigi(x-y)} < rmax{rmax {vix(X),
vialy) }, rmax { vigi(x), vigi(y) 3} = rmax{ rmax{viay(x), vig1(})}, rmax { via(y), vie(y)}} = rmax { vie(x),
vicl(y) }. Therefore, vici(x—=y) < rmax { vig(X), vig(y) }, for all x, y in R. And, vigi(xy) = rmax { via(xy),
vigi(xy) } < rmax { rmax {via(x), viaily) }, rmax { vigi(x), vigily) 3= rmax{ rmax { via(x), vig(x) }, rmax
{viay), vig(y) 33 = rmax{ vig(X), vici(y)}. Therefore, vig(xy) < rmax{ vig(X), vig(y) }, for all x, y in R.
Therefore [C] is an interval valued intuitionistic fuzzy subring of R. Hence the intersection of any two interval
valued intuitionistic fuzzy subrings of a ring R is an interval valued intuitionistic fuzzy subring of R.
2.2 Theorem: The intersection of a family of interval valued intuitionistic fuzzy subrings of a ring R is an
interval valued intuitionistic fuzzy subring of R.
Proof: Let { [V];: iel} be a family of interval valued intuitionistic fuzzy subrings of a ring R and let [A] =

r?[\/], .LetxandyinR. Then, pay(x-y) = ri_nT Hvii(X-Y) = ri_nT rmin {upi(X), ppvii(y) 3 = rmin {
rig (%), riigf rvai(y) 3= rmin{uag(X), pag(y)3-

Therefore, pa(x=y) = rmin { uag(x), pag(y) 3, for all x, y in R. And, pyay(xy) = ri_nT Hpvii(Xy) = fi_nf rmin{
le le
rvii(X), pvai(y) 3 = rmin{ riig Hvii(X), riirelf pviiy) 3 = rmin {uai(x), wag(y) 3. Therefore, pa(xy) = rmin{

wal(X), wag(y) 1, for all x, y in R. Now, via(x-y) = rS_up vvi(X=y) < rS_up rmax { vpvji(X), vpvii(y) } = rmax {

iel iel

rS_up vvii(X), rS_up vivii(y) = rmax{ via(x), via(y) }. Therefore, viag(x-y) < rmax{ via(X), via(y) }, for all x, y

iel iel

in R. And, vi(xy) = rs_up vvii(xy) < rsup rmax{ vpi(x), vpvi(y) 3 = rmax {r SUp vpvyi(x), rs_up vvii(y) } =

iel iel iel iel
rmax{ via(X), via(y) }. Therefore, via(xy) < rmax {via(X), viay) }, for all X, y in R. That is, [A] is an interval
valued intuitionistic fuzzy subring of R. Hence, the intersection of a family of interval valued intuitionistic fuzzy
subrings of R is an interval valued intuitionistic fuzzy subring of R.
2.3 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring (R, +, - ), then pay(X) < pay(e)
and via(x) = via(e), for x in R, the identity element e in R.
Proof: For x in R and e is the identity element of R. Now, paj(e) = paj(x=x) = rmin {pay(X), pai(X) ¥ = pag(x).
Therefore, pyaj(€) = pay(X), for x in R. And, via(€) = via(X—X) < rmax { via(x), viai(X) } = viai(X). Therefore,
viaj(€) < via(x), for xin R.
2.4 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring (R, +, - ), then (i) pa(x-y) =
tay(€) Gives pa(X) = pag(y), for xand y inR, e in R.
(i) viai(x=y) = viai(e) gives via(x) = viay), forxand y in R, e in R,
Proof: Let x and y in R, the identity e in R. (i) Now, pya(X) = pai(x=y+y) = rmin {pa(X=y), pa(y) 3 = rmin {
(), maY) 3 = i) = pyag( X=(y) ) = rmin {uga(x-y), () 3 = min { pag(e), a3 3 = ).
Therefore, pa(X) = pyar(y), for x, y in R. (i) Now, viai(X) = via(x=y+y) < rmax { via(x=y), via(y) } = rmax
{viaa(®), viaiy) 3= vialy) = viag( X=(x=y) ) < rmax { via(x-y), via(x) }= rmax { via(e), via(x) } = viay(x).
Therefore, viay(X) = via(y), for xand y in R.
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2.5 Theorem: If [A] and [B] are any two interval valued intuitionistic fuzzy subrings of the rings R; and R,
respectively, then [A]x[B] is an interval valued intuitionistic fuzzy subring of R;xR,.

Proof: Let [A] and [B] be two interval valued intuitionistic fuzzy subrings of the rings R; and R, respectively.
Let X3, Xz in Ry and y;, ¥, in R Then (g, yi) and (X, Y,) are in RixRp. Now, pyapeil(X1, Y1)—(X2 ¥2)] =
A (Xa— Xa, Yi— Y2) = rmin { pag(Xi— X2), pey(yi—y2)} = rmin{ rmin{ pay(Xe), pai(x2) 3 rmin{ pg;(ya),
pei(y2)}} = rmin{ rmin {ua(Xa), peilyd) 3o rmin {ua(Xe), nei(y2)3} = rmind papei(Xe Ya), Haxe(Xe: Y2)}-
Therefore, pwapel(Xe, Y)—(2 Y2)] 2 rmin { papei(Xs Y1), Wapei(Xe, Y2)} Also, pael(Xe, Y1) (X2, ¥2)] =
Hrajxe) (X1Xz, Y1Y2) = rmin { ppay(XiXz), pysy(yiy2) 3= rmin {rmin{ piay(xa), mag(x2) 3, rmin{ pei(ya), nei(y2)}} =
rmin{ rmin { pa(Xe), prei(ys) 3 rmin { pa(Xe), peei(y2)3} = rmin { papei(Xe, Y1), miaxei(Xe, Y2) }. Therefore,
aixeil(Xe Y1) (X2, ¥2)] 2 rmind pagxei(Xs, Y1), Hiag«ei(X2, Y2)}- Now, viae (X Y1)—(X2, Y2)] =
Vi) (X1~ X2, Y1— Y2) = rmax { via(Xa— X2), vigy(Yi— Y2) } < rmax{ rmax{ viaj(x1), via(X2)},
rmax{viej(y1), vie(y2)}} = rmax{ rmax{ via(xs), vigi(ys) }, rmax { via(X2), visi(y2)}} = rmax{ viaje(X1, Y1),
Vi) (X2, Y2) }- Therefore, vae[(X1, Y1)—(Xz, ¥2)] < rmax{viae)(X1, Y1), Vialxei(X2, Y2)}- Als0, viaxe)[(Xe, Y1)
(X2, Y2)] = Viaie) (XaXa, Y1Y2) = rmax { via)(XiXz), viei(y1y2) } < rmax { rmax{ via(X1), viaj(X2) }, rmax{ vis(ys),
vig)(Y2)}} = rmax{ rmax { via(x1), viei(Y1)}, rmax { via(X2), vigi(y2)}} = rmax { viaei(Xs, Y1), viaxe(Xe Y2)}-
Therefore, viape (X1, Y1) (X2, Y2)]1 < rmax{ viap«e(X1 Y1), Viaxei(Xa Y2)}. Hence [A]X[B] is an interval valued
intuitionistic fuzzy subring of RyxR,.

2.6 Theorem: Let [A] be an interval valued intuitionistic fuzzy subset of a ring R and [V] be the strongest
interval valued intuitionistic fuzzy relation of R. Then [A] is an interval valued intuitionistic fuzzy subring of R
if and only if [V] is an interval valued intuitionistic fuzzy subring of RxR.

Proof: Suppose that [A] is an interval valued intuitionistic fuzzy subring of a ring R. Then for any X = ( Xy, X»)
and y = (y1, ¥2) in RxR, we have, pp(X-y) = ppvy [(X1, X2) (Y1, Y2)I = ppv(Xa— Y1, Xo— Y2) = rmin { pyay(Xi—y1),
piai(X2=y2)} = rmin { rmin {pa(Xa), pag(ys) 3 rmin { pag(x2), pag(y2)3} = rmin {rmin { pa(xa), pai(x2) 3,
rmin { pray(ys), meai(y2)3} = rmin { upg(Xs, X2), ppp(y Y2) 3= rmin { ppyg (X), wpv(y) 3- Therefore, ppg(x-y) =
rmin { uv(X), ppa(y)}, for all x, y in RxR. And, ppy(xy) = vy [(x1, X2) (V1. Y21 = Hpvj(¥ays, Xay) = rmin
{ A (Xaya), ppag(Xay2) 3 = rmin {rmin{ pap(xe), pay(ys) 3o rmind pag(X2), pag(y2)3} = rmin{ rmin { pag(xa),
upa(X2) }ormind way(ya), mai(y2)}} = rmin { upg(Xs, X2), ppy(Ya Y2) 3= rmin{ ppa(X), ppa(y) 3 Therefore,
ppv(Xy) = rmin {upg(X), ppa(y) 3o for all x and y in RxR. We have, v (X=y) = vpl(X1, X2) =(Yu. ¥2)] =
vivi(X1i=Y1, Xa=Y2) = rmax { via(Xi— Y1), vial( Xo— ¥2) } < rmax { rmax { via(Xe), via(ys) 3 rmax {via(x2),
vial(y2)3} = rmax{ rmax { via(x1), via(X2) 3, rmax { via(ys), via(y2)}} = rmax{ vpvi(Xi, X2), vpvi(ys ¥2)} =
rmax{vp(x), vpv(y) }. Therefore,vp(x=y) < rmax{vp, (X), vp(y) }, for all x, y in RxR. And, vp(xy) =
vivil(X, X2) (Y1, Y2)] = vivi(Xay1, XaY2) = rmax { viaj(Xay1), viai(Xzy2) } < rmax { rmax{ viaj(x1), viaj(ys) }, rmax
{Via(x2), via(y2)3} = rmax{ rmax { viaj(Xo), viai(x2) 3, rmax{ via(ys), viai(y2) 3} = rmax{ vp(X1, X2),
vivi(Ys ¥2) 3= rmax{ vpq(X), vpv(y) 3. Therefore, vpg(xy) < rmax {vp(X), vpy(y) 3, for all x, y in RxR. This
proves that [V] is an interval valued intuitionistic fuzzy subring of RxR. Conversely assume that [V] is an
interval valued intuitionistic fuzzy subring of RxR, then for any x = (X1, X,) and y = (yy, Y¥») in RXR, we have
rmin { pag(Xa—y1), ma(Xe=Y2) } = pvi(Xa— Y, Xo— ¥2) = ppv [(Xe, X2) =(Y1, Y2)I = ppa(X=y) = rmin { ppy (%),
pvi(Y) 3= rmin { ppg(Xe, X2), ppva(yas Y2) 3 = rmin {rmin {pya(xa), pag(x2) 3, rmin {pay(ys), pai(y2) 33 1f we
put X =y, = 0, we get, praj(Xi—y1) = rmin{uai(x), pag(yn)}, for all x4, y1 in R. And, rmin { pyag(Xay1), piag(Xay2)
} = Xy, XaY2) = pvil (e, X2) (Y1, Y2)] = ppva(xy) 2 rmind ppg(X), ppv(y) 3 = rmin {upg (X, X2), pvi(ys, ¥e) }
= rmin{ rmin { pay(X1), pay(x2) 3 rmin { pag(ys), par(y2)3}. If we put x; =y, = 0, we get pyap(xiys) > rmin{
i (Xa), war(yn)}, for all xg, y1 in R. We have rmax{ via(Xi—y1), vial(Xe— ¥2) } = vpyj(Xa—Y1, X2=Y2) = vvl(x1,
X2)—=(Y1, ¥2)] = vy(x=y) < rmax{ vpy(X), vv(y) 3= rmax{ viv(Xe, X2), vivi(ys ¥2)} = rmax{ rmax {viu(x,),
vial(X2) }, rmax {via(ya), viai(y2) 3} If we put x, =y, = 0, we get viay(Xi—y1) < rmax{ via(Xs), vai(ya)}, for all
X1, Y1 in R And, rmax { via(Xwy1), vial(XaY2) } = vivi(XaYa, X2Y2) = vvl(Xs X2) (Y1, Y2)1 = viv(Xy) < rmax{vp(X),
vivi(Y)}= rmax{vpv(X1, X2), vivi(Y, ¥2)} = rmax{ rmax { viaj(X), via(X2) 3, rmax { viaj(ya), viai(y2) 3} If we put
X = Yo = 0, we get viay(Xay1) < rmax{ viai(X1), viai(ys) }, for all x;, y; in R. Therefore [A] is an interval valued
intuitionistic fuzzy subring of R.

2.7 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring

(R, +, ), then H= { x/ xeR: pai(X) = [1], via(X) = [0]} is either empty or is a subring of R.

Proof: If no element satisfies this condition, then H is empty. If x, y in H, then pa(x=y) > rmin { pag(X), pay(y)
}=rmin { 1], [1] } = [1]. Therefore, pa(x=y) = [1]. And  pyag(Xy) = rmin { pay(X), nap(y) 3= rmin { [1], [1]
} = [1]. Therefore, pay(xy) = [1]. Now, via(x=Yy) < rmax { via(X), via(y) } = rmax { [0], [0] } = [0]. Therefore,
via(x=y) = [0]. And v (xy) < rmax { via(X), via(y) 3= rmax { [0], [0] } = [0]. Therefore, via(xy) = [0]. We
get x-y, xy in H. Therefore, H is a subring of R. Hence H is either empty or is a subring of R.

2.8 Theorem: Let [A] be an interval valued intuitionistic fuzzy subring of a ring
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(R, +, ). (i) If ppag(x-y) = [0], then either uya(x) = [0] or pay(y) = [O], for all x, y in R. (i) If viay(x-y) = [1],
then either via(X) = [1] or viy(y) = [1], for all x, y in R. (iii) If pay(xy) = [0], then either pa(X) = [0] or pyai(y)
= [0], for all x, y in R. (iv) If va(xy) = [1], then either viay(X) = [1] or viay(y) = [1], for all x, y in R.

Proof: Let x and y in R. (i) By the definition pa(x=y) > rmin { pa(X), pa(y) 3, which implies that [0] > rmin
{ ua(X), pag(y) . Therefore, either pa(x) = [0] or pay(y) = [0]. (ii) By the definition viy(x=y) < rmax {
via(X), viai(y) 3, which implies that [1] < rmax {viaj(X), via(y) }. Therefore, either via(x) = [1] or viay) = [1].
(iii) By the definition pay(xy) = rmin { pa(X), na(y) } which implies that [0] > rmin { pa(X), pa(y) 3
Therefore, either pya(x) = [0] or pay(y) = [0]. (iv) By the definition via(xy) < rmax {via(X), via(y) } which
implies that [1] < rmax { via(X), viai(y) }. Therefore, either via(x) = [1] or viay(y) = [1].

2.9 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring

(R, +, ), then LJ[A] is an interval valued intuitionistic fuzzy subring of R.

Proof: Let [A] be an interval valued intuitionistic fuzzy subring of a ring R. Consider [A] = { { X, pai(X), viai(X)
) }, for all x in R, we take J[A] = [B] :{ (X, H[B](X): V[B](X) ) }, where H[B](X) = M[A](X), V[B](X) = [1]— },L[A](X).
Clearly, pg(x=y) = rmin {ug)(x), pe(y) }, for all X, y in R and pgj(xy) > rmin { pg)(x), pe(y) }, forall x, y in
R. Since [A] is an interval valued intuitionistic fuzzy subring of R, we have pa( x=y) > rmin { pa(X), wa(y) .
for all x, y in R, which implies that [1]- vig(x=y) > rmin { [1]- vig(X), [1]- vg(y) } which implies that
vigl(X-y) < [1]- rmin { [1]- vig(X), [1]- vi(y) } = rmax {vig;(x), vei(y) }. Therefore, vig(x-y) < rmax {
vig)(X), vig(y) }, for all x, y in R. And pay(xy) > rmin { pag(X), piag(y) 3, for all x, y in R, which implies that
[1]- vigy(xy) = rmin { [1]- vigi(X), [1]- vigi(y) } which implies that vig(xy) < [1]- rmin { [1]- vig(X), [1]-
vigl(y) } = rmax { vgi(X), vsi(y) }. Therefore, vig(xy) < rmax { vig(x), vig(y) }, for all x, y in R. Hence [B] =
O[A] is an interval valued intuitionistic fuzzy subring of R.

2.10 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring

(R, +, - ), then O[A] is an interval valued intuitionistic fuzzy subring of R.

Proof: Let [A] be an interval valued intuitionistic fuzzy subring of R. That is [A] = { { X, pa(X), va(x) ) }, for
all x in R. Let O[A] = [B] = { (X, wgi(¥), vigi(X) ) }, where pgi(X) = [1]-via(X), vigi(X) = viay(x). Clearly,
vig)(X=Y) < rmax{ vig(X), vigi(y) }, for all x, y in R and vigj(xy) < rmax{ vig;(X), vg(y) }, for all x, y in R. Since
[A] is an interval valued intuitionistic fuzzy subring of R, we have via(x=y) < rmax{ via(X), va(y) }, for all x,
y in R, which implies that [1]-pg(x-y) < rmax { [1]- wg(X), [1]- rg(y) } which implies that pg;(x-y) > [1]-
rmax { [1]- pe(X), [1]- pey(y)} = rmin { pey(X), we;(y) 3 Therefore, pg(x—y) = rmin{ pg(x), pe(y) }, for all
X, y in R. And v (xy) < rmax {via(X), viay) }, for all x, y in R, which implies that [1]-pg;(xy) < rmax { [1]-
i), [11-te(y) 3 which implies that pge(xy) > [11- rmax { [1]-ue(%), [1]-neei(y) 3 = rmin {pey(), pger(y)
}. Therefore, pg(xy) = rmin { g (x), we(y) }. for all x, y in R. Hence [B] = O[A] is an interval valued
intuitionistic fuzzy subring of R.

2.11 Theorem: Let [A] be an interval valued intuitionistic fuzzy subring of a ring (R, +,.), then the
pseudo interval valued intuitionistic fuzzy coset (a[A]) is an interval valued intuitionistic fuzzy subring of R,
foreveryainR.

Proof: Let [A] be an interval valued intuitionistic fuzzy subring of R. For every x, y in R, we have,
((@pga))(<-y) = (@) gai(x-y) = p(a) rmin {uugay(x), pay(y) 3 = rmin {p(@)ua(¥), P(@)utgar(y) 3= rmin £ ( @pa)°
)(X). ( (@ra)° )(y) }- Therefore, ((apa)®) (x-y) > rmin { ((@p)")(), (auga)’)(y) 3. for all x, y in R. Now,
((@uga)”)(xy) = P@ua(xy) = p(a) rmin {ugay(x), ueary) 3= min { p@ua(x), p@ugay) 3 = rmin {(@ua)’
)(), ( (apa)®)(¥) 3. Therefore, ((@p)”)(xy) = rmin £ ( ()" )(x), ( (auga)®) (v) 3, for all x, y in R. For every
X, y in R, we have, ((avia)® )(x-y) = p(@) via(x-y) < p(a) rmax { via(x), via(y) } = rmax { p(a)viay(x),
p(@)via(y) } = rmax {((avia)")(x). ((avia))® )(y) 3. Therefore, ((avia)P)(x-y) < rmax { ((@via)® )(X), (avia)® )(Y)
}, for all x, y in R. Now, ((@via)" )(xy) = p(@)viay(xy) < p(a) rmax { via(x), viay(y) } = rmax { p(a) viay(x), p(a)
viar(y) 3 = rmax { ( (avia)”)(¥), ((@via)®)(y) 3. Therefore, ( (aviap)”)(xy) < rmax { ( (avia)®)(X), (@via))(y) },
for all x, y in R. Hence (a[A])® is an interval valued intuitionistic fuzzy subring of R.

2.12 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring R, then ?([A]) is an interval
valued intuitionistic fuzzy subring of R.

Proof: For every X, y in R, we have Hygay (X=y) = rmin { [%, % ], ua(x=y) } > rmin { [%2,
1], rmin { pya(), Hp(y)3}= rmin £ min {[%, % 1, pga(x) 3, mmin {0, % 1, tp(y) 33 = rmindia (), do
an(Y) }. Therefore pogagy(X=y) = rmin{ s gapy (X), Hacgap (¥) J, for all x, y in R. And o pay(Xy) = rmin { [z, % ],
Mpag(Xy) Y= rmin { [%, ¥ 1, rmin {ugs(3), pgay) 3 3= rmin {rmin { [, % 1, pya(x) 3, rmin { [% % 1, pa()}3 =
rmin {Uo () (X), Ko fap) (¥) 3. Therefore pog ap(Xy) = rmin { pog payy (X), Hogfap) (¥) 3, for all x, y in R. AlSo vyay
(x=y) = rmax { [%, Y21, via(x=y) } < rmax { [%, % ], rmax { via(X), via(y) } } = rmax { rmax {[%, % ], v{a(X)
}ormax {[%2, Y2 ], via(¥)3} = rmax { vogay (X), vogay) (¥) 3. Therefore vogap(x=y) < rmax { vogap(X), vagap(y) }.
for all x, y in R. And voqay) (Xy) = rmax { [*2, Y2 1, via(Xy) }< rmax { [%, Y2 ], rmax { via(X), via(y) 3
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= rmax { rmax { [2, %2 ], vig(X) }, rmax { [z, 72 ], var(y) 3} = rmax { voqap (X), vqap (y) }. Therefore
Voap(Xy) < rmax { voap(X), voqap(y) }, for all x, y in R. Hence ?([A]) is an interval valued intuitionistic fuzzy
subring of R.

2.13 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring R, then !([A]) is an interval
valued intuitionistic fuzzy subring of R.

Proof: For every X, y in R, we have pay (X=y) = rmax { [, %2 ], Hgaj(X=Y) }= rmax {[%, %2 ], rmin { ppay(x),
Har(y) 3 3= rmin {rmax { [%2, %2 ], uiay(x) 3, rmax { [%2, Y2 ], pag(y) 3 3 = rmin { pygag) (X), Hugan(y) }- Therefore
Hiap(X=Y) = rmin { pyqap(X), ugap(y) 3, for all x, y in R. And pyap(xy) = rmax { [%2, ¥2 ], ppag(xy) } > rmax {
[ % 1, mmin { pu(), M) 3 3 = min { rmax { [ % 1, pa®) }ormax { [, % 1 pp() 33
= rmin { l.lg([A])(X), Hg([A])(y) } Therefore I-J-!([A])(Xy) > rmin { H!([A])(X): H!([A])(y) }, for all x, Yy in R. Also Vi([A])
(x=y) =rmin { [%, % ], viag(x=y) } < rmin { [%%, % 1, rmax { via(X), via(y) 3 3 = rmax { rmin { [, % 1, via(X)
}ormin { [, %2 ], via(y) } } = rmax {viqap(X), viqap(y) }- Therefore vygap(x=y) < rmax { vygap(X), vigap(y) 3,
for all x, y in R. And vyqay) (Xy) = rmin { [¥%, % 1, via(Xy) } < rmin { [%, % ], rmax { via(X), via(y) 33
=rmax { rmin{[%2, %2], via(X) }, rmin { [z, %2 ], viay(y) 3} = rmax { vyay) (X), vigap (¥) }-

Therefore viqap(xy) < rmax { vigap(X), vigap(y) }. for all x, y in R. Hence !([A]) is an interval valued
intuitionistic fuzzy subring of R.

2.14 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring R, then Q, g ([A]) is an interval
valued intuitionistic fuzzy subring of R.

Proof: For every x, y in R, for a, B = D[0,1] and a + < [1], we have Ha, (a) (x=y) = rmin { o, ppaj(x-y) }=
rmin o, rmin { pap(x), Keag(y) 33 = rmin {rmin o, peag(x) 3, rmin { o, wa(y) 33 = min { gg - qa) ),

Ha, ,(A) (y) }. Therefore Ko, ,(A) (x=y) = rmin { Ha, (A (x), Ha, (A (y) }, for all x, y in R. And

Hq, ,(x) O¥) = rmin { @, ug(y) } > rmin { o, rmin { pga(x), Ha(y) 3 3 = rmin { rmin { a,
MEag(¥) 3, rmin { o, pga(y) 3 =rmin{ g, (a0 Mg, ,qap®) 3 Therefore sz (a) ()
> rmin { Ha, ,(A) (x), Ha, ,(A) (y) }, for all x, y in R. Also VQ,., (A (x=y) = rmax { B, vpai(x-y) }
<rmax { B, rmax { via(X), va(y) 3} = rmax { rmax { B, viaj(x) }, rmax { B, viai(y) }> = rmax

{ VQu (A (), Vau (A (y) }. Therefore VQ, (A (x=y) < rmax { VQ, (A (), Vo (A (y) } forall x, yin
R. And Va, ,(AD (xy) = rmax { B, via(xy) } <rmax { B, rmax { via(X), viai(y) } } = rmax { rmax { B, via(x) },
rmax { B, va(y) }} = rmax {VQa‘ﬁ([A]) (), VQu (A (y) }. Therefore VoA (xy) < rmax { VQu.4(A) (),

Vo, (A (y) }, for all x, y in R. Hence Q, s ([A]) is an interval valued intuitionistic fuzzy subring of R.

2.15 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring R, then P, g ([A]) is an interval
valued intuitionistic fuzzy subring of R.

Proof: For every x, y in R, for o, p €D[0,1] and o +B < [1], we have He, ,(A) (x=y) = rmax { o, paj(x-y) } =
rmax { o, rmin { paj(x), Heag(y) 33 = rmin { rmax { o, pag(x) 3, rmax {a, pag(y) 3 3 = min { zp  qap %),
M, (a) (y) }. Therefore M, (a) (x=y) = rmin {'uP(,‘/f([A]) (%), M, (a) (y) }, for all x, y in R. And
Hp, , (ap OY) = TMaX { o pag(xy)} > rmax { a, rmin { dpa(x), Hea(y) 3 3 = rmin £ rmax { o, pgay(3) 3, rmax {
a, par(y) 3} =mmin { p (a) X Lp, (a)¥) }. Therefore sip  qap) (xy) = mmin { 225 1) (%),
M, (a) (y) }, forall x, y in R. Also Ve, (A (x=y) = rmin { B, viy(x=y) } < rmin { B, rmax { via(X), via(y) }
} = max { rmin { B, viy(X) }, rmin { B, via(y) 3} = rmax {VPa,ﬁ([A]) (%), Ve, (AD (y) }. Therefore

Ve, (a) (x-y) <rmax { Ve, (A (x), Ve, (AD (y) }, forall x, y in R. And Ve, (A (xy)=rmin {B, viq(xy)} <

rmin { B, rmax {via;(X), via(y)}} = rmax { rmin { B, viay(X) }, rmin { B, via(y) } } = rmax {
Ve, (A (%), Ve, (AD (y) }. Therefore Ve, (A (xy)< rmax{vpavﬂ([A]) (%), Ve, (A (y)}, for all x, y in R.

Hence P, 5 ([A]) is an interval valued intuitionistic fuzzy subring of R.
2.16 Theorem: If [A] is an interval valued intuitionistic fuzzy subring of a ring R, then G, g ([A]) is an interval
valued intuitionistic fuzzy subring of R.
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Proof: For every x, y in R, for o, § ©D[0,1] and a +f < [1], we have Mg, (A) (x=y) = a ppy (X=y) 2 a (rmin {
00, Hga(y) 1) = rmin { @ uag(), @ upg)3= rmin { g, qa) 00, Mo, ap O) . Therefore g1 () (=)
>rmin { He, ,(A) (x), He, ,(A) (y) }, for all x, y in R. And Hg, (A) (xy) = o pag(xy) = o ( rmin { pag(x),
M) 3) = rmin { @ p(9, @ ) 3= min{ st qap 0 Hg, ,(ap ) 3 Therefore
He, ,(A) (xy) = rmin { He, ,(A) (x), Ha, ,(A) (y) }, forall x, y in R. Also Ve, »(A) (X-y) =B viar(x=y) < B (
rmax { viai(X), viai(y) }) = rmax { B v(X), B via(y) } = rmax {VGM([A]) (%), Ve, ,(A) (y) }. Therefore
Ve, ,(A) (x-y) < rmax { Ve, ,(A) (%), Ve, ,(A) (y) }, for all x, y in R. And Ve, ,(A) (xy) = B vial(xy) < B
rmax { Vi (9., via(y) }) = rmax { B viu (), B vpu() 3= rmax { Vg a) 0 Vo, qap 0

Therefore Ve, ,(AD (xy) <rmax { Ve, ,(A) (%), Ve, ,(A) (y) }, for all x, y in R. Hence G, g ([A]) is an interval
valued intuitionistic fuzzy subring of R.
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