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Abstract:- In this paper we subject the coefficients of a polynomial and their real and imaginary parts to certain
conditions and give bounds for the number of zeros in a ring-shaped region. Our results generalize many
previously known results and imply a number of new results as well.
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l. INTRODUCTION AND STATEMENT OF RESULTS
A large number of research papers have been published so far on the location in the complex plane of
some or all of the zeros of a polynomial in terms of the coefficients of the polynomial or their real and
imaginary parts. The famous Enestrom-Kakeya Theorem [5] states that if the coefficients of the polynomial

n
P(z) = Zaj Z'satisfy 0<a, <a, <.....<a,, <a,, then all the zeros of P(z) lie in the closed disk
-0

7] <1.

By putting a restriction on the coefficients of a polynomial similar to that of the Enestrom-Kakeya Theorem,
Mohammad [6] proved the following result:

n
Theorem A: Let P(z) = Zajz’ be a polynomial suchthat 0 <a, <a, <.....<a,, <a,. Then the
=0

1
number of zeros of P(z) in |Z| < Edoes not exceed

log2 "~ a,
For polynomials with complex coefficients, Dewan [1] proved the following results:

n
Theorem B: Let P(z) = Zaj ' be a polynomial such that
i=0

for some real ¢ and £ and
0<|ay|<ay| < ... <Ja, 4| <[a].

1
Then the number of zeros of P(z) in |Z| < Edoes not exceed

1
la,|(cos & +sin e +1) + 2sin anZ‘aj‘
0

L lo
log 2 J |

n .
Theorem C: Let P(z) = Zai z' beapolynomial of degree n with Re(a;) = «;,
=0
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1
Then the number of zeros of P(z) in |Z| < Edoes not exceed

a, +Z‘ﬁj‘
log =0

+ 0]
log 2 |
Recently Gulzar [3,4] proved the following results:

1

n
Theorem D: Let P(z2) = z a; z" be a polynomial of degree n such that for some k >1,0 <7 <1 and for
j=0
some integer 4,0<A4<n-1,
a, 2o, 2..2a,,,2ka, 2a, 2.2 0 210,.

2|

Then P(z) has no zero in |Z| < , Where
1

M, =la |+ e, +2(k —1)|a/1|—r(|a0|+a0)+|a0|+|ﬁ0|+|[;’n|+22‘ﬁj‘ .
-1

n .
Theorem E: Let P(z) = Zaj " be a polynomial of degree n such that for some
j=0

A0<A<n-1,
[T = - VY -3 T4 Y - VO e - W - - W

a,|

Then P(z) has no zeros in |Z| < M_ where
2

M, =|a,|(cosa +sina +1) + 2Ja,|(k + ksina —1) — 7]a,|(cos & —sin & +1) + ||

n-1
+2sina Z‘aj‘.
j=1,j#A4

n .
Theorem F: Let P(z) = Zoaj z' be a polynomial of degree n with Re(a;) =«;
J:

a
Then P(z) has no zero in |Z| < M—O| where
3

M, :|an| + (k1|0‘n| + k2|an—1|) +(ka, —ka, )+, — (|an| +|an—1|)
n-1
—r(|a0|+a0)+|a0|+|ﬂ0|+|,b’n|+22‘ﬂj‘.
=

n
Theorem G: Let P(2) = Zaj z? be a polynomial of degree n such that for some k; >1,k, >1,0<7 <1,
j=0

kia,| = K,|a, | =(a, o|...... > |a,| > 7]ay|.
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a, |

Then P(z) has no zero in |Z| < M_ , Where
4

M, =k [a,[(cosa +sina +1) +k,|a, 4| (Sina — cosa +1) - [a,, |(1 - cos @)
-2
—1lay|(cos & —sina +1) +|a,| + 2sin anZ‘aj‘ .
j=1
In this paper, we prove the following results: j

n

Theorem 1: Let P(z) = Z a;z ! be a polynomial of degree n such that for some k >1,0 < 7 <1 and for
j=0

some integer 4,0<4A<n-1,

oy zo, =n2a,,,2ke, z2a;, 2.2 a 2 104.

R
Then the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
C

la,|R™™ +|a| + R"[a, + 2(k = D)|ex,, | — 7(|exo| + o) +|axo| + | Bo| +|B.] + 22‘,6’1. ‘]
i1

1
log
logc |a,|
for R>1 and
. la,|R™ +|a,|+ Rla, +2(k =D|a,| - laq| + @) + o] +|Bo| +|Ba| + ZZ‘,B] ‘]
log i
logc 3|
for R<1.

Combining Theorem 1 and Theorem D, we get a bound for the number of zeros of P(z) in a ring-shaped
region as follows:

n
Corollary 1: Let P(z) = Zaj " be a polynomial of degree n such that for some k >1,0 <z <1 and for
j=0
some integer 4,0<4A<n-1,
a,2a,  2...2a,,2ka, >2a, 2.2 0, 21,.
a

_ R
Then the number of zeros of P(z) in IR < |Z| <—(R>0,c>1) does not exceed
C
1

|3, |R™™ +|a,| + R"[a, + 2(k =D)|er,, | — 7(|exo| + o) + |axo| + | Bo| +|Ba] + 22‘,81. ‘]
i1

1
log
logc |a,|
for R>1 and
. |a,|R™™ +|a,| + Rla, +2(k =D|a,| - z(laq| + @) +|eo| +|Bo| +|8a| + ZZ‘,BJ. ‘]
log =
logc |a,|

for R <1, where

M, =la,|+ e, +2(k —l)|al|—r(|a0|+a0)+|a0|+|ﬁo|+|ﬁn|+22‘ﬂj‘ .
i1

n
Theorem 2: Let P(z2) = Zaj Z' be a polynomial of degree n such that for some
i=0
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T

>’ j=012,......, N and for somek >1,0 <7 <1 and some integer

real a,ﬂ;‘arg a; —,B‘Sag

A0<A<n-1,
a,|=a,|= 2l 2Ka =la, | = >y > 7ay) -

R
Then the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
C

a,|R™ +|a,| + R"{|la,|(cos & +sin @) + 2a, |(k + ksina —1)
L |Og i ] . n-1 for R>1
logc ~ |a,|| - 7fa,|(cos a —sina +1) +|a,| + 2sine Z‘aj‘}

L j=1,j#A N
and

la,|R™ +a,| + R"{la, |(cos @ +sin &) + 2Ja, |(k + k sin & —1) ]
1 1 ’
- |og_ ) ) n-1 for R<1.
ogc  |a,|| —7la,|(cosa —sina +1) +|a,| +2sina Y |a.
ogc g | -l e + 2500 Sa

j=1,j= i

Combining Theo_rem 2 and Theorem E, we get a bound for the number of zeros of P(z) in a ring-shaped
region as follows:

n
Corollary 2: Let P(z) = Z a;z ! be a polynomial of degree n such that for some
j=0

T,
real a,ﬁ;‘arg a; —,B‘Sasz, j=012,......, N and forsomek >1,0<7 <1 and some integer

A0<A<n-1,
a,|=|a, |z 2l 2 Ka =la, | > >y > 7ay) -

a R
Then the number of zeros of P(z) in ||\/I_O| < |Z| <—(R>0,c>1) does not exceed
C
2

a,|R™ +|a,| + R"{Jla,|(cos & +sin @) + 2a, |(k + ksina ~1)
ngi ] . n-1 for R>1
logc ~ |a,|| - 7fa,|(cos a —sina +1) +a,| + 2sine Z‘aj‘}

L j=1,j#A |
and ~ -

|a,|R™ +|a,| + R"{la,|(cos & +sina) + 2Ja, |(k + ksinar —1)
Llogi ] . n-1 for R<1,
loge ~ [ao|| - 7]ay|(cosa —sina +1) +|a,| +2sina Y a;|}

L j=1,j#A |
where

M, =|a,|(cosa +sina +1) + 2Ja, |(k + ksina —1) — 7]a,|(cos & —sin & +1) + ||
1
+2sina nZ‘aj‘.
j=1,j#A

n .

Theorem 3: Let P(2) = Z a;z’ be a polynomial of degree n with Re(a;) =«a;
=0

Im(aj) =B, j=01,....., n such that for some k; >1,k, >10<7 <1,

R
Then the number of zeros of P(z) in |Z| <—(R>0,c>1) does not exceed
c
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1 |an|RmJrl + Rn{(k1|an| + k2|an71|) +(ka, ko, )+, — (|an| + |an—1|)

togc ]| - ] ) o+ 6 + 6, 25

for R>1 and a
4 o N la, [R™ + R{(k, |a,| + k, a4 |) + (klna: — ko) + o — (o, + g
logc  ~ |ay| —r(|ao|+a0)+|a0|+|ﬁo|+|ﬂn|+22‘ﬂj‘}

for R<1. a

Combining Theorem 3 and Theorem F, we get a bound for the number of zeros of P(z) in a ring-shaped
region as follows:

n
Corollary 3: Let P(2) = Zaj 2’ be a polynomial of degree n with Re(a;) = «; ,
j=0
Im(a;) =B, ] =04....., n such that for some k; >1,k, >1,0<7 <1,
ki, 2K, a4 2 5.0y 2 10,

n-1 =—
- [a| R
Then the number of zeros of P(z) in IR < |Z| <—(R>0,c>1) does not exceed
C
3

|a,|R™ + R™(K,|a,| + K, | na|) + (ke =Ky, ) + g — (|| +|e, s )

1 1
_ |og_ n-1
loge ~ |a,|| — r(|a,|+ o) +]axo| + | Bo| +|Ba| + ZZ‘ﬂj ‘}
=1
for R>1 and
1 |an |Rn+1 + R{(k1|an| + k2|an—l|) + (klan - kZan—l) + an—l - (|an| + |an—1|)

——log — n-1
logc  [ao|| — z(as| + @) + |exo| +|Bo] +|Ba| + ZZ‘ﬁj‘}
=1

for R<1, where
M, :|an| + (k1|an| + k2|an—1|) +(ka, —ka,,)+a, ;- (|0‘n| + |an—1|)

n-1
—7(|ao| + @) + o] +|Bo| +|Ba| + 22 ﬂj‘.
=

n .
Theorem 4: Let P(2) = Z a; z? be a polynomial of degree n such that for some k, >1,k, >1,0< 7 <1,
j=0

kia,| = K,|a, | =(a, o|...... > |a,| > 7]ay|.
Then the number of zeros of P(z) in |Z| < % (R>0,c>1) does not exceed
|a,|R™ +|a,| + R"{ky|a,|(cos & + sina +1) + K, [a,,|(sine —cosr +1) —|a, |
L |Ogi ) . . n-2
logc ~ |a,|| —|a, 4|l cosa —sin &) — 7]a,|(cos & —sin & +1) + 2sin aZ‘aj ‘}
j=1

for R>1 and
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. . |a,|R™ +|a,| + R{k,|a,|(cos & +sina +1) + k,[a,_|(sina —cos & +1) — a,|

—— log— -2
logc o ||| — [a,.4|(L - cos & — sin @) — z]a,|(cos & — sin & +1) + 2sin anZ‘aj‘}
=

for R<1.
Combining Theorem 4 and Theorem G, we get a bound for the number of zeros of P(z) in a ring-shaped
region as follows:

n .
Corollary 4: Let P(2) = Zaj z? be a polynomial of degree n such that for some k, >1,k, >1,0< 7 <1,
j=0

kia,| = K,|a, | =(a, o|...... > |a,| > 7]ay|.

a,|

_ R
Then the number of zeros of P(z) in IR < |Z| <—(R>0,c>1) does not exceed
C
4

a,|R™ +|ay| + R"{k,|a,|(cos @ +sin e +1) + k, [, ,|(sin & — cos & +1) —[a, |

1 1
T log— 2
logc ~ |a,|| —|a, 4|l cosa —sin &) — 7]a,|(cos & —sin & +1) + 2sin anZ‘aj ‘}
L =1
for R>1 and

. . a,[R™ +a,| + Rk, |a,|(cos & +sin e +1) + k,|a, ,|(sin e — cos e +1) — [a, |

_2
logc  [a,]| —|a,. |- cosa —sina) - zfa,|(cos & —sin & +1) + 2sin anZ‘aj 3
=

for R <1, where
M, =k [a,|[(cosa +sina +1) +k,|a, ,|(Sina —cosa +1) —[a,, |(1— cos @)
—tlag|(cosa —sina +1) +|a,|.
For different values of the parameters in the above results, we get many interesting results including
generalizations of some well-known results.

1. LEMMAS
For the proofs of the above results, we need the following results:

T
Lemmal: Let z,,Z, e Cwith |z,|>|z,| and |argz;. — B| < a < —, | =1,2 for some real numbers
1152 1 2 j 2

aand f. Then
|2, — 7, < (|2, =|z,|) cos e + (|2, | +|2,])sinex .
The above lemma is due to Govil and Rahman [2].
Lemma 2: Let F(z) be analytic in |Z| <R, |F(Z)| <M for |Z| <Rand F(0)#0. Then

R
for c>1, the number of zeros of F(z) in the disk |Z| < — does not exceed
o

1 M
——log—.
logc ~ [a|

For the proof of this lemma see [7].

1. PROOFS OF THEOREMS
Proof of Theorem 1: Consider the polynomial
F(2)=(1-2)P(2)

=1-2)@a,z"+a,,2"" +..ta, 2" a2  +a, 2 a2
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n+1 A+l

=-a,z"+(@, -a,,)2"+(@,,-a,,)2" " +...+(a,, —a,)z2"" +(a, —a, )"

+(@,,-a,,)2" +o+(a,—8,)2+ 8,

n+l

=-a,2" +(a, —, )" + (0, , —, ,)2" "+,
to +{(a,, —ka,) + (ka, —a,)}2" +{(ka, —a,,) -

(ke , —ai)}zﬂ + (e, 4 —05172)21’l + o +{(a, —1ty) + (rry — )}z
+i_zn:(ﬁj _IBH)Zj +a,

For |Z| <R, we have, by using the hypothesis,

IF(2)|<|a,|R™ +|a, —a, o|R" +|a, 1 —a, ,|R™™ +....... +lay, — ke, R+ (k=1)|e, R™

n
+lka, —a, 4 |R* + (K =D, |R* +|a,; —a, ,|R* + ..+ |, — 10 |R

+ A= D)ag|R+ D (B | +| B4R +1ay|
i1
<la,|R™ +|ag|+ R"[ar, — ety + &y =y + e+ 0y —Kar, + (K=1)|a |

+kai—alfl+(k—1)|a/1|+0{/171—a,172+ ...... +a, —10,

Q- ao|+ 208|820

=la,|R™" +|a,| + R"[&, + 2(k —D|ax, | — 7(|axo| + @) + |exo| + | Bo| + | 80| + 22‘,81.‘]
i1

for R>1
and

IF(2)|<|a,|R™ +|a,| + Rla, —apy + oy —ayp + e+ —Kar, + (K=D)|a, |

+kal—aﬂ_l+(k—1)|aﬂ|+aﬂ_1—al_2+ ...... +a, —1a,

R AR N (AR

=la,|R™" +|a,| + Rler, + 2(k =D|er,, | — 7(|exo| + o) + |exo| + | Bo] +|Ba] + ZZ‘,BJ.‘]
=1
for R<1.

R
Hence, by Lemma 2, it follows that the number of zeros of F(z) in |Z| <—,c>1
C

does not exceed

la,|R™™ +|a,| + R"[a, + 2(k —D)|ex,, | — 7(|exo| + o) +|axo| + | Bo| +|Ba] + 22‘,6’1. ‘]
-1

1
log
logc ||
for R>1 and
. |a,|R™™ +|a,| + Rla, +2(k =D|a, | — (oo | + @) +|eo| +|Bo| +|Ba| + ZZ"BJ' ‘]
log =
logc 3|
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for R<1.
Since the zeros of P(z) are also the zeros of F(z), the proof of Theorem 1is complete.
Proof of Theorem 2: Consider the polynomial
F(2)=(1-2)P(z)
=1-2)a,z"+a,,z2"" +....+a,,2"" +a,z" +a, ;2" +....+a,,2"" +a,2"

n+1 A+l

=-az"+(@, -a,,)"+(,,-a, ,)2" +....+(a,,—a,)z

+(@,,-a,,)2" +e+ (8, —8,)2+ 8,

+(a, - azfl)zi

For |Z| <R, we have, by using the hypothesis and Lemma 1,

IF(2)|<|a,|R™ +|a, —a,4|R" +]a,; —a,,|R"™" +.....+|a,,, —ka,|R**™* + (k —Dla,|R*™
+|ka, —a,,|R* + (k-D)a,|R* +]a,; —a, ,|R*" +...+|a, —7@,|R
+ (1—z')|a0|R
<la,|R™ +]a,| + R"[(a,| —|a,[) cos a + (|a,| + [a,_,]) sin e + (&, —[a,_,|) cos &
+(a,a| +]a, ) sina +.....+ (.| —kla, ) cosa + (ja,.,| + k|a,|) sina
+(k =Dla, |+ (Kla,| - |a, ) cosa + (K|er, | + |, ) sine + (k —1)|er, |
+(a,.|—[a, . cosa +(a, 4| +|a, ) sina +.....+ (|a,| - 7]a, ) cos
+(ja,| + 7lag ) sina + (1—7)[a, ]
=la,|R™" +|a,| + R"[|a,|(cos & +sin ) + 2a, |(k + k sin & —1)
—tlag|(cos a —sina +1) +|a,| +2sine ni‘aj I
L7

for R>1
and

|F(z) dla,|R™ +|a,| + R, |(cosa +sina) + 2a, |(k + k sina —1)

—1]ag|(cosa —sina +1) +|a,| +2sina ni‘aj‘]
j=1,j#A
for R<1.

R
Hence, by Lemma 2, it follows that the number of zeros of F(z) in |Z| <—,c>1
c

does not exceed

_|an|R”+l +|a,|+ R"{a,|(cos a +sina) + 2Ja, |(k + ksin ~1)]
LIOgi ] ] n-1 for R>1
loge  [a,|| - 7]ay|(cosa —sina +1) +|a,| +2sina Y a;|}
L j=1,j#A |
and B -
|a,|R™ +|a,| + R"{la,|(cos a +sina) + 2Ja, |(k + ksinar —1)
L| 1 ) ) n-1 for R<1.
logc ~ |a,|| - 7fa,|(cos a —sina +1) +|a,| + 2sine Z‘aj‘}
j=L, %4 ]

Since the zeros c;f P(z) are also the zeros of F(z), Theorem 2 follows.
Proof of Theorem 3: Consider the polynomial
F(z)=(1-2)P(2) =(1-2)(a,z" +a, 2" +....+Z+a,)

n+1

=-a,z"+(,-a,,)2"+(@,_,—a,,)2"" +...+(a, —a,)z+a,
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=-a, Znﬂ +{(klan - kzanfl) - (klan - an) + (kzan—l - anfl)}z "+ (anfl - an—z)z -

+(B, - By)z}+q,

For |Z| <R, we have, by using the hypothesis,

IF(2) <[a,|R™ + |k, — Ky, 4 |R" + (K, =D, [R" + (K —D]er, o|R" +|ery s —a ,|R™™ +......

+ ey —ra0|R+(l—r)|a0|R+i‘ﬂj — B 1R’ +[a]
<la,|R™ + R"[k,, —k,ax,, + Ekll —Dler,| + (K, = D)ty | + @py =y + oo
+a, —1a, +(1—r)|a0|+il(‘ﬁj‘+‘ﬂj1‘)]
=la,|R™" + R"[(k,|er,| + k2|10;n_1|) + (ke =Ky ) + oy — (o + |
- el )+ ol [+ 8|+ 255

for R>1
and

F(@)|<[a,[R™ + RI(ky|ery | + Kpler, o ) + (Kyer, —Kpet, ;) + ety s = (g | +[et4])

n-1
—T(|0£0| + ao) + |0£0| + |ﬂo| + |:Bn| + ZZ‘IB]' ‘]
j=1
for R<1.
Hence, by Lemma 2, it follows that the number of zeros of F(z) in |Z| < % ,c>1

does not exceed
|an|RmJrl + Rn{(k1|an| + k2|an71|) + (ke —kpan )+ oy - (|an| + |an—1|)

1

1096 Jagl| - (o] + ) e 5]+ .|+ 25 1,

for R>1 and a
4 ol la, [R™ + R{(k, |a,| + k, a4 |) + (klna: — ko) +any — (o, + e,
logc  ~ |a| —r(|ao|+a0)+|a0|+|ﬁo|+|ﬂn|+22‘ﬂj‘}

for R<1. a

Since the zeros of P(z) are also the zeros of F(z), Theorem 3 follows.
Proof of Theorem 4: Consider the polynomial
F(z)=(1-2)P(2) =(1-2)(a,z" +a, ;2" +....+ &, Z+a,)
n+1

=-a,2"+(@,-a,,)2"+@,;,—a,,)2" " +..+ (8, —8,)Z+3,
=—a,Z e +{(klan - k2an—1) - (klan - a‘n) + (kzan—l - an—l)}z "+ (an—l - an—z)zn_l

For |Z| <R, we have, by using the hypothesis and Lemma 1,
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IF(2)|<|a,|R™ + k&, —k,a, 4|R" + (k, —D)ja,|R" + (k, —D)ja, 4|R" +]a,; —a,,|R"™" +.....

+]a, —78,|R+ (1—17)|ag|R +|ay|
<la,|R™ +|a,| + R"[(k,[a,| — k,|a, ) cos e + (k |a, | + k,|a, ) sina + (k, —D)|a,|
+(k, —D|a, 4| + (2, 4| —|a, 2 cosa + (|a, 4| +]a, .| sine
+(ay| — 7la, ) cos a + (|a, | + 7]a, ) sinar + (1 — 7)[ay|
=la,|R™* +|a,| + R"[ky|a, |(cos & + sina +1) + k, |a, , |(siha —cosar +1) —|a, |

-2
—[a,.4|@ - cos & —sin @) - 7|a,|(cos & — sin & +1) + 2sin anZ‘aj I
i1

for R>1
and

IF(2)|<|a,|R™ +|a,| + RIk[a,[(cos & +siner +1) + k,|a, | (Siner —cos & +1) — a, |
n-2
~[a, 4| -cos —sina) - z/a,|(cos & —sina +1) + 2sin ey _|a;]]
i-1
for R<1.

R
Hence, by Lemma 2, it follows that the number of zeros of F(z) in |Z| <—,c>1
C

does not exceed

1 1 [a,|R™* +|a,| + R"{k,|a, |(cos & + sin & +1) + k,|a,,|(sina —cos @ +1) —[a,|
——log — ] ) . on=2
logc  |a,|| —|a, 4| —cos @ —sin &) — 7fay|(cos a —sin & +1) + 2sina > |a;[}
L j=1
for R>1 and
1 1 [a, [R™ +|a,| + R{k,|a,|(cos & + sin & +1) + k,|a, ,|(sina — cos & +1) —|a,|
- |Og i . . . n-2
logc lao|| —|a,1|@— cosa —sin &) — z|a,|(cos & —sin & +1) + 2sin O:Z:|aj |}
L i=1
for R<1.

Since the zeros of P(z) are also the zeros of F(z), Theorem 4 follows.
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