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Abstract: In this paper we generalize some recent extensions of the Enestrom-Kakeya Theorem concerning the
location of zeros of polynomials.

Mathematics Subject Classification: 30 C 10, 30 C 15

Keywords and Phrases: Coefficient, Polynomial, Zero

l. INTRODUCTION AND STATEMENT OF RESULTS
The following result known as the Enestrom-Kakeya Theorem [7] is an elegant result in the theory of
distribution of the zeros of a polynomial:

n
Theorem A: Let P(z) = Z a;z’ be a polynomial of degree n such that
j=0

a,2a,,>...2a 2a,>0.
Then all the zeros of P(z) lie in the closed disk |Z| <1.

In the literature [1-8], there exist several extensions and generalizations of Theorem A. Joyal, Labelle and
Rahman [5] gave the following generalization of Theorem A:
n
Theorem B: Let P(2) = Z az ! be a polynomial of degree n such that
j=0
hg D 28, 28,
. . an - ao + |ao|
Then all the zeros of P(z) lie in the closed disk |Z| < T
an

Aziz and Zargar [1] generalized Theorems A and B by proving the following results:
n
Theorem C: Let P(2) = Z a;2’ be a polynomial of degree n such that for some kK > 1,
i=0
ka, 2a,, >....2a,>a,.
Then all the zeros of P(z) lie in the closed disk
ka, —a, +|a,|

lz+k-1 <
2|

Recently, Zargar [8] gave the following generalizations of the above mentioned results:

n
Theorem D: Let P(2) = Z a;2’ be a polynomial of degree n>2 such that for some K >1, either

j=0

ka,>a, , >... >a,>2a,>0and a,;, 2a, ;... >a,>a,>0,
if nis odd or

ka,>a, , >..... >a,2a,>0and a,;, 2a, 5 >...... >a,>a, >0,
if nis even.

Then all the zeros of P(z) lie in the region

2-afz— pl<k+ 2t
a

n
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where a, [ are the roots of the quadratic

a
22+ "1 z74k-1=0,
a

n

n
Theorem E: Let P(2) = Z a2’ be a polynomial of degree n>2 such that

j=0
either
a,>a, , >.... >8,,,, S8y, ; <. <a;<a, >0and
A, 28, 5 = >a,, <a,, ,<...<a,<a, >0,

n-1
for some integer 4,0< A < T ,ifnis odd

or
A, 28, 5 2. >a,, <a,, , <...a,<a, >0 and
Ay 2, 32 e >a,,, <a,, ; <a;<a >0,

n —
for some integer 1,0< A< ,ifnis even.

Then all the zeros of P(z) lie in the closed disk

a a,,+2(@,+a, —a,, —2a

7+ n—l|§1+ n-1 ( 0 1 22 21+1)
a a

In this paper, we give generalizations of Theorems D and E and prove the following results:

n n

n
Theorem 1: Let P(Z)zZajZ’be a polynomial of degree n>2 such that for some
i=0

ki, k, 2L0<7,,7, <1, either

kia, >a, , >.... >a, 273, >0and k,a, ;, 28, 5 >....... >a, 27,a, >0,
if nis odd or
kia,>a, , > ... >a, >r,a,>0and k,a, , >2a, 5 >....... >a, >7,a, >0,
if nis even.

Then for odd n all the zeros of P(z) lie in the region
|z B a||z ~ ﬂ| < k.a, +(2k, -Da, , - 2(r, —Da, — 2(r, —1a,

a
and for even n all the zeros of P(z) lie in the region
|Z —a”Z —ﬂ| < kia, +(2k, —Da, , —2(r, —1)a, - 2(r, -Da,
a y

n

n
where «, ,B are the roots of the quadratic

a
22 +—"Lz7+k -1=0.
a

n

Remark 1: For k; =k,k, =1,7, =1,7, =1, Theorem 1 reduces to Theorem D of Zargar.
Taking @, , =2a,./K, —1 , k, =1and noting that the quadratic 2> + 2,/k, =1z +K, —1=0 has

two equal roots each equal to — /K, —1,we get the following
n

Corollary 1: Let P(z) = Z a2’ be a polynomial of degree n>2 such that for some k; >1,0<17,,7, <1,
=0

either

kia,>a, , >.... >a, =78, >0and
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2a,\k, —1=a,,>a,,2>...... >a, 27,3, >0,
if nis odd,
or

kia,>a, , >.... >a, 2r1a0>0 and

2a,,k; -1=a,,>a, ,>...... >a,; >7,a >0,
if n is even.

Then for odd n all the zeros of P(z) lie in the region

‘z+\/kl——l‘£ k.,a, +2an,/kl—1—2a(rl—1)a1—2(r2 -1Da,

N |

and for even n all the zeros of P(z) lie in the region

‘z N \/kl——l‘ < k,a, +2a,k, —1-2(z; -Da, — 2(r, —1a,

n

N |

For k, =K, 7, =1,7, =1, Cor. 1 reduces to a result of Zargar [8, Cor.1] .

Applying Cor. 1 to a polynomial of even degree, we get the following
2n

Corollary 2: Let Q(Z):ijzjbe a polynomial of even degree 2n such that for some
i=0

k,>2L,0<7,,7, <1,
kb,, =b,, , >...... >b, >7,b, >0 and

2n =

2.k, —1b, =b, ,>b, ,>....2b,>7,b >0.

Then all the zeros of Q(z) lie in
‘Z " \/m‘ S klen + 2b2n 1’ kl _1 —bZ(Tl —l)bo - 2(72 _1)bl
2n

Taking k; =1,7, =1,7, =1, Cor. 2 reduces to Enestrom-Kakeya Theorem (see [8]).

Taking k1 =2, we get the following result from Cor.1:

n
Corollary 3: Let P(z) = Z a;z ! be a polynomial of degree n> 2 such that for some 0 < 7,,7, <1, either
=0

28, 28, , ... >a, >7;a, >0 and
32 23, 27,8, >0,

if nis odd,
or

2a, >2a, , >..... >a, >7,8, >0 and
2a, =a, ;28,3 >...... >a,>r7,a, >0,

if nis even.
Then for odd n all the zeros of P(z) lie in the region
a, - 2(r, -1)a, }2

2-2(r, -1)
p+ﬂg{ -

and for even n all the zeros of P(z) lie in the region

241 <{2—2(T1 ~1a, - 2(z, —1)a1}3

1

n

a

n
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For 7, =1,7, =1, Cor.3 reduces to a result of Zargar [8,Cor.3].

n
Theorem 2: Let P(Z)=Zaj21be a polynomial of degree n>2 such that for some
j=0

ki,k, 21,0<7,,7, 21, either
kia,>a, , > .. 28,,,, <8, <. <a,<ra >0 and

K,a,,>a,;>.. >a,, <a,, , <...<a,<r,a,>0,

n-1
for some integer 4,0< A < T ,ifnis odd

or
Kia,=a, , >.... >a,, <a,, , <...a, <r;a,>0and

kK,a,,>a, ;>... >a

n-1 — <a22,—1£a3 STzal >Ol

2A+1 —

n
for some integer 4,0< A<

,ifnis even.

Then for odd n all the zeros of P(z) lie in the disk

- 4| (2k, -Da, + (2k, -Da, , —2a,, —2a,,,, + 27,8, + 27,4,
a, | a

n n
and for even n all the zeros of P(z) lie in the disk

a,,| _ (2k, -Da, +(2k, ~Va,, —2a,, —2a,,, + 25,3, + 27,3,
a | a '

n n

Z+

Remark 2: For k, =1k, =1,7, =1,7, =1, Theorem 2 reduces to Theorem E of Zargar.
Applying Theorem 2 to the polynomial P(tz), we get the following result:

n .
Corollary 4: Let P(Z)=Zajz‘be a polynomial of degree n>2 such that for some

j=0
k,,k, >L,0<7,,7, 21 and t>0, either
kat">a, t"?>...>a,, t*" <a, t¥ <. <at’<rat>0and
k,a, ,t"">a, "> >a,t” <a,, t*? <. <at’<r,a,>0,

n-1
for some integer 1,0< A< — if nis odd

or

n n-2 24 24-2 2
kja,t">a, ,t"" >.... >a,,t" <a,, ,t7 " <...<a,t” <ra, >0and
k,a, t"'>a t"*>...>a, t*"<a, t*"<..<at’<r,at>0,

for some integer 4,0< A<

,ifniseven.

Then for odd n all the zeros of P(z) lie in the disk

L B (2k, -Da t"* +(2k, —Da, t"" —2a,,t** —2a,, ,t* +2r,a,t + 27,4,
an tl’]—lan
and for even n all the zeros of P(z) lie in the disk
L 8| (2K ~Da,t"" +(2k, —Da, t"* —2a,,t* —2a,, t* +2ra, + 2r,a;t
a, | t"a '

n

n

For k, =1Lk, =1,7, =1,7, =1, Cor. 4 reduces to a result of Zargar [8, Cor.4].

2. Proofs of Theorems
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Proof of Theorem 1: Suppose n is odd. Consider the polynomial
F(z2)=(1-2°)P(z2)=(1-2z%)a,z" +a,,2"" +.... +a,z+a,)

=-a,2"% -a,,2" +(a, -a,,)2" +.....+(a, —a,)z +a,

=-a,z"* -a,_, 2" +(ka, -a,,)z" - (k, -Da,z" +(k,a,, —a,;)z""
+(k, —Da, ;2" +..... + (8., —8,,) 27 + (B, — 8y, )2
+(a,, —a,, ,)2" + . + (@, —7,8,)2° + (7, -Da,2° + (3, — 7,8,)2°

+(r, —Da,z* +a,z +a,

1 .
For |Z| >1, so that — < 1Lv)=12,...... N, we have , by using the hypothesis,
YA

kZan—l — a3 (kz _1)an—l

IF(2)>|7"lla,2* +a, .,z + (k, -Da,| -{k,a, —a,, + E n ]
Qo ~8; 85,0 8y, 8y, 5,8y, 7,8, — 8,
...... |Z|n72172 |Z|n72/171 |Z|n721 | |n73
A-7)a, 7,8,—-a, (1-7,)a, a, LBy

n-3 n-2 n-2 n-1 n
2 2 2 2™ |
n
>|Z| lla,z* +a,,z+(k,~Da ‘_{klan —a,, +kKa,; —a, 5 +(k, —Da,,
Fovet 8y, —y, +8y, 8y, +8y, —8y, , — 8y, +.nt 8y — 7,8
+(1-17)a +a,—7r,8,+1—-7,)a, +a, +a,}]

=|7"[a,z” +a,,z + (k;~Da,| —{k,a, +(2k, —~1)a, , - 2(r; —Da,
if
a z’+a, _,z+(k-Da,|>ka, +(2k, -Da, , —2(r, —Da, — 2(r, —1)a,
—2(r, —1a,
or

7% + =Y z +k1—J.‘ > i[klan +(2k, -Da, , - 2(r, —-Da, — 2(r, —1a,]
a a

n n

This shows that all those zeros of F(z) whose modulus is greater than 1 lie in

77 4 21, +k1—4 <L ka, + (2, ~Da,_, 2, ~1)a, —2(, ~Da,]
a a

n n

or

12— az- ﬁ|sai[k1an + (2K, —Da, , - 2(r, ~Da, - 2(r, ~1)a, ]

where «, [ are the roots of the quadratic

a
22 +"Lz+k -1=0.
an

Since the zeros of F(z) with modulus less than or equal to 1 already satisfy the above inequality, it follows that
all the zeros of F(z)lie in

2-alz- pl< ai[klan +(2k, —Da, , - 2(r, ~Da, - 2(, ~1)a, 1.

79



On Some Extensions of Enestrom-Kakeya Theorem

Since the zeros of P(z) are also the zeros of F(z), , it follows that all the zeros of P(z)lie in
1
lz-a|z-B|< a—[klan +(2k, -Da, , —2(r, —Da, - 2(r, —Da,].
n

The case of even n follows similarly.
Proof of Theorem 2: Suppose n is odd. Consider the polynomial

F(z2)=1-2*)P(2)=(1-2°)a,z" +a,,2" " +.... +a,Z+4,)
=-a,2"%* -a,,2" +(@, —-a,,)2" +....4 (@, —a,)z+4,
=-a,z2" -a 2" +(ka, -a,,)z" - (k,-Da,z" +(k,a,, —a,,)z""
+ (kz _1)anflzn_l T + (a2/1+2 N azz)ZZMZ + (a2,1+1 - 3-2/171)22/1+1
+(a,, —a,, ,)2% + .. +(a; —7,8,)2° + (r, -Da,2° + (a, - 7,8,)2°
+(r, -Da,z* +a,z +a,

1 .
For |Z| >1,s0 that—j <lVv)=12,...... N +1, we have , by using the hypothesis,
Z

k,a,—a,, N (k, -Da, k,a,,—-a,; (k,-Da,,

IF(2) 2|z|n+l[|anz +a,,|—{

i [ 7’ 7’
+ Ay,,0 — 8y, Ay, 1 — 8y, Ay, 0, — 8y, 7,8, —a,
""" n-24-1 n-24 n-2i+1 Tt n-2
2 u k 2
(r,-Da, r,8,—-a, (r,-Da a a
T T

n+1
> |Z| [|anZ + an—l| _{klan —a,, + (kl _1)an + I(Za‘n—l —a, 3+ (kz _1)an—l
ot @y, — 8y, + 8y, — By, Ty, — 8y, Feeed 7,8 — 84
+ (7, -Da, + 7,8, —a, +(r, —Da, +a, +a,}]
n+1
= |Z| [|anZ + an—1| —{(2k, -Da, +(2k, -Da,, —2a,, —2a,,,,
+ 27,8, + 27,8, }]
>0
if
la,z+a,4|>(2k, —Da, +(2k, —1)a,, —2a,, —2a,,,, + 21,8, + 27,3,
i.e.
a,,| _ 2k —Da, +(2k, —Da,, —28,, —2a,,, +27,a, + 27,8,
a, ‘ a,
This shows that all those zeros of F(z) whose modulus is greater than 1 lie in
. a,,| _ (2 —Da, +(2k, ~Da,, —2a,, —28,,, +27,3, + 27,3,
a | a '

n n

Z+

Since the zeros of F(z) with modulus less than or equal to 1 already satisfy the above inequality, it follows that
all the zeros of F(z) lie in the disk

a,,|_ (2 —Da, +(2k, ~Da,, —2a,, —2a,,, +27,3, + 27,3,

an an

Since the zeros of P(z) are also the zeros of F(z), , it follows that all the zeros of P(z)lie in the disk

Z+
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an_1§ L (2 -Da, +(2k, ~Da,, —2a,, —2a,,, +27,8, + 27,8,
a a

n n

Z+

The case of even n follows similarly.
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